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Abstract

In this Chapter, we look at how memory effects induced by a correlated
environment can alter the long-time dynamics of a quantum computer
running a quantum error correction protocol. This is done through a
Hamiltonian formulation which allows for a physical, microscopic mod-
eling of the interaction between the computer and the environment. As-
suming that single-qubit error probabilities are well defined, we use a
perturbative expansion to find expressions for the probability of faulty
paths in the evolution of the quantum computer. We obtain a dimen-
sional criterion for the stability of the perturbation theory and the appli-
cability of the error threshold theorem of fault-tolerant quantum compu-
tation. When this criterion is not satisfied, perturbation theory breaks
down and no definitive statement can be made about the existence of
an error threshold. We discuss the parallels between this situation and
the theory of quantum phase transitions in condensed matter systems.

1.1 Introduction

The proof that efficient quantum error correction (QEC) codes exist,
combined with the concept of error threshold [16, 20], brought confidence
that reliable quantum computation is achievable in practice. However, it
is fundamental to understand if there are physical limitations to resilient
quantum computation within this framework. In this chapter, we discuss
one of the few situations that still poses some doubts [7, 12, 18, 6, 9]
about the effectiveness of QEC codes: Critical environments.

The term ”critical environment” originates from condensed matter
physics. It refers to physical systems where quantum correlations decay
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as power laws. In this context, the Born-Markov approximation used to
evaluate decoherence rates cannot be formally justified. For quantum
computation, this fact translates into the appearance of errors that can
depend on previous events in the computer history. The ultimate night-
mare is that this memory effects may eventually lead to error probabili-
ties above the threshold value and therefore to the breakdown of resilient
quantum computation.

The first step in our quantitative study of critical environments is to
formulate the dynamics of the computer and the environment with a
Hamiltonian formulation. This allows for a systematic treatment of the
interaction between the computer and the environment. Crucial elements
such as space dimensionality, correlation function exponents, and cou-
pling constants can be incorporated into calculations. The first step is
to separate the total Hamiltonian into two distinct parts. The first part,
Hy, we call “free”. We will assume that this operator has a simple enough
form as to allow for an explicit evaluation of the corresponding quantum
evolution operator. The second part we define as the “interaction”, V,
which includes everything that preclude us from writing explicitly the
complete evolution operator for the problem at hand. In other words,
Hy contains the ideal evolution of the computer and the dynamics of
the environment while isolated from each other, while V' represents the
coupling between the two.

Since V' destroys our ability to write down explicitly the quantum
evolution of the entire system, we have to resort to an expansion of the
evolution operator in powers of the “interaction”. The result is usually
called a Dyson series [22],

U(T,0) =Tyt Jo ¢ V(1) (1.1)

where T} denotes the time ordering operator, T is the duration of the
computation, and V() = etV e=tHol Tn this series, every insertion
of V is a deviation of the computer evolution from the path that we
envisaged in Hy. Of course, some of these deviations are harmless, since
these “good” paths bear no effects on the result of the computation. Our
problem is to evaluate the likelihood of ”bad” paths [28]. A reasonable
idea is to consider the evolution of the system with at least one insertion
of V' [19, 28, 10, 4],

E(T) = U(T,0)—1

= —i/Tdt'V(t’) U(t',0). (1.2)
0
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It has been shown that using the operator norm, one can derive an upper
bound to the error probability of “bad” paths. The result is that

T
IE (D). < / at’ ||V (). < AT, (1.3)

where A is the largest eigenvalue of V' [19, 28, 10].

Without quantum error correction, Eq. (1.3) does not help much. That
is because the computational time 7" must be regarded as an unbounded
parameter. Therefore, after a time o 1/A, the computation would cer-
tainly fail. Nevertheless, the situation changes when QEC is added to
the discussion. Error correction introduces another time scale into the
problem, namely, the periodicity A in which error correction operations
are repeatedly carried out. In this case, the relevant time for Eq. (1.3)
is not the total computation time 7', but rather A. The remaining issue
to be tackle is the dependence on A.

In many relevant physical situations, A can be extremely large since it
usually grows with the number of degrees of freedom of the environment
[28]. An illustrative example is that of a single qubit, o, interacting with
N two-level systems, {77}, through

N
V=X oY (1.4)
j=1

This is a simplified version of the central spin problem [15] that has been
studied in the context of decoherence [5, 13]. Tt is straightforward to see
that A = AN, thus diverging with the number of degrees of freedom of
the spin bath.

Physical interactions are ultimately mediated by gauge fields. Hence,
a very natural assumption for V is to consider the minimum coupling
model

v=> > %afa(x)aa(x), (1.5)

x a={=z,y,z}

where f is some (vector) function of the environmental variables and
0.y, are Pauli matrices representing the qubit degrees of freedom. The
bath are the gauge fields. In this case, it is clear that A diverges with
the number of modes in the field.

A way around was introduced by Aharonov, Kitaev, and Preskill [4].
In their discussion, they bypassed the divergence due to the gauge fields
by integrating them out of the problem. In this case, an effective many-
body interaction among the qubits of the computer is generated. They
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simplified the problem by considering these extra interaction only up to
second-order perturbation theory in V' and by assuming that the velocity
of the gauge field modes is infinite. The net result was an instantaneous
interaction between any two qubits which decayed spatially as a power

law,

Aads 1
4 ; |X — y|25 UQ(X)UQ(Y)v (16)

where § is a pure number that depends on the specific form of f. Their
analysis then proved that if the volume integral

1
dPy — = 1.
/ Vx—y[? .7

converges, then the error probability can be bounded from above by the
resulting number (here, D denotes the spatial dimension).

This is a very elegant and general approach. However it precludes the
possibility of self-interaction and retardation effects. In order to deal
with these issues, we will follow a different path, namely we will study
the stability of the Dyson series in V' [24, 26, 25]. For this purpose, we
assume that the environment is described by a free-field theory, with the
relevant two-point correlation function given by

1 1
<\IJcnv |fa (Xla tl) /s (X27t2)| \IJCHV> ~ Fap ((A:C)%, (At)%/z) ) (1'8)

and that we can use Wick’s theorem to calculate the higher-order cor-
relation functions. The parameters § and z are usually called scaling
dimension and dynamical exponent, respectively.

Another critical assumption we make is that the qubits are separated
by a minimum distance in such a way that an entire error correction cycle
can be performed before correlations between any neighboring qubits
develop. We call this the “hypercube” assumption and adopted it in
order to allow for a connection to the usual derivation of the threshold
theorem. This assumption allows for the introduction of a well-defined
error probability for a single qubit during a QEC cycle.

The basic strategy that we will follow is to use the Dyson series to
find a reasonable way to calculate the probability of an error in a single
qubit. We will then determine the conditions necessary to reduce the
problem to a stochastic error problem.
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1.2 Microscopic Hamiltonian models

There is a variety of physical realizations of qubits where the interac-
tion between the environmental degrees of freedom and the qubits can
be cast in the form of Eq. (1.5). For instance, the spin of an electron
confined in a GaAs lateral quantum dot couples to nuclear spin through
a hyperfine interaction, in which case the field f,(x) represents a com-
ponent of the local nuclear magnetization, also known as Overhauser
field [11]. The minimum coupling model also appears in superconduct-
ing (Josephson) qubits, where the field f,(x) accounts for the coupling
to electromagnetic fluctuations. These fluctuations typically arise from
Johnson-Nyquist noise in currents and voltages and can be described by
a bath of harmonic oscillators, i.e., a bosonic field [23]. Another com-
mon situation where Eq. (1.5) applies is in qubits based on charge motion
(e.g., double-dot charge qubits or impurities embedded in a semiconduc-
tor matrix) [29, 17]. In this case the field f,(x) accounts for the coupling
to acoustic phonons and can also be represented by bosonic degree of
freedoms. Finally, if the qubit is a localized magnetic moment embed-
ded in a conducting medium, Eq. (1.5) can be used to represent the
coupling between the spin of itinerant electrons and the local moment
(the so-called Kondo problem [1]).

For many qubit systems, particularly in solid-state, the most common
environment is a bosonic one. A very ubiquitous interaction is

V=3 Y 9 Aeae®*(agtaly),  (19)

x a={z,y,z}

where the bosonic field aq is usually assumed to have a free dynamics
described by a quadratic Hamiltonian,

Hiath = qu agaq. (1.10)
a

(Generalizations where multiple bosonic baths couple to the qubits are
straightforward.) Equations (1.9) and (1.10) define the so-called spin-
boson model [21]. Tt has been intensively studied in the contexts of dissi-
pative quantum mechanics and condensed matter physics (for a detailed
discussion, see Ref. [30]). The spin-boson model is very representative
of the kind of physical constraints faced by qubits implementations and

should be regarded as a paradigmatic model.
Before proceeding to the discussion of QEC, we still need to highlight
an important aspect of the Hamiltonian formulation: What is the form
of V in the interaction picture that enters into the Dyson series? As we
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argue below, this issue is related to the duration of the quantum gates
used in the computation.

The “free Hamitonian” is composed by two parts: The Hamiltonian
that dictates the time evolution of the environment and the control
Hamiltonian that implements quantum gates:

Ho(t) = Hypawn + Hqo(l). (1.11)

These terms act on different Hilbert spaces, hence [Hpasn, Hoc] = 0.
In this case, it is straightforward to write an interaction picture which
takes into account not only the environment but also the free evolution
of the computer,

Vi) = > Y. %“[eiHotfa(x)e*iHot} W(t) o (xX)W(t),

x a={zy,z}

=Y Y MG, (1.12)

x a={=z,y,z}

where W (t,0) = Ty e~ Jo 4'Hac(t') The operator Gy, is a SU(2Y) matrix
that depends on the particular sequence of quantum gate which is being
performed. In order to keep the discussion general, it is necessary to
introduce some simplification. There are two possible paths:

(i) We can assume that the quantum gates are performed much faster
that the environment’s response time. In this limit, we can prove that
the gate operations implicit in Eq. (1.12) lead to the same microscopic
form of Eq. (1.5), namely

)\OL

V() = —fa(x,t) 00 (X). 1.13
(t) zx:a—g;,,z}2f( ) 0a(X) (1.13)
(ii) The other possibility is to derive an effective Hamiltonian that pro-
vides an upper estimate to the effect of errors. The point here is to
realize that the information encoded in the qubits is exposed to differ-
ent components of the environment depending on the particular gate

being performed. For instance, single-qubit gates can be written as

Gai(x,t) = > gap(x,t)05(x), (1.14)
p={z.y,z}

where gog(x,t) are ordinary functions. Consequently, the “interaction”
Hamiltonian can be written as

=Y Y Y 2ok, (115)

x a={wzy,z} B={z,y,z}
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which tell us that all components of the qubits mix with all components
of the environment. In order to define a suitable upper bound estimate,
we can make all functions g.g(x,t) constant and set them to unity.
This obviously breaks the unitarity of the gates but has the virtue of
simplicity. More accurate upper bounds could in principle be obtained
by making use of the functional form of g,g(x,t), but this would also
make any calculation considerably more difficult.

A similar argument can also be made for two-qubit gates. In this case,
a two-qubit rotation can be written as

W (x1,%2,t) = cos|[0(x1,Xa,t)] + isin[f(x1,x2,1)]
XUQ(Xl)O'b(Xg), (116)
where 6(x1,x2,t) is an ordinary function, x; and x» tag the position of

the qubits involved in the gate, and a and b denote two arbitrary qubit
components. This implies that

Gapz(x1,t) = sin[20(x1,X2,1)] €aay0y(X1) 05 (%2)
+ cos[20(x1,%2,t)] (1 — dg.0) Oa(x1)
+ 4.0 0a(x1), (1.17)

where €3+ is the usual anti-symmetric tensor. Once again, we can define
a suitable upper bound by setting all the functions in the prefactors to
unity, yielding

Ga,2(X,t) = €aar04(X) b (y) + 0a(x). (1.18)

The corresponding “interaction” Hamiltonian is then

BO=Y Y 2 CGasl ) (1.19)

x a={=z,y,z}

The second term on the r.h.s. of Eq. (1.18) is just a local noise. The
first term is more worrisome since it leads to errors propagating be-
tween target and control qubits. Obviously it is not unique to have the
error occurring during the two-qubit gate. In fact, we can re-interpret
Eq. (1.19) as an error on the qubit x before the gate is performed. This
error is then propagated by a perfect two-qubit gate. Propagation of er-
rors is in general unavoidable in a quantum circuit. Nevertheless, we can
assume that it can be handle by fault tolerant procedures. As a result,
we conclude that an upper bound estimate to the action of gates in the
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microscopic model is given by the interaction Hamiltonian

V) =Y S 2t oulx ), (1.20)

x a={=z,y,z}

where

1
fof (X7 t) = F Z /\ﬁfﬁ (Xa t) (121)
B={z,y,z}

and A= /35 10 A% is the new coupling parameter.

Because Egs. (1.13) and (1.20) have the same functional form, we
hereafter drop the subscript “eff”.

1.3 Time evolution with quantum error correction

In this chapter we will mostly consider the case where the initial state
of the computer, 1y, and the environment, g, are pure states. However,
the generalization of our discussion to the case of mixed initial states is
straightforward.

A particularly simple case occurs when the environment is at a finite
temperature, T. In many situations, this simply introduces a thermal co-
herence length &1 for the bath modes. For distances smaller than &1, the
correlation functions have a power-law behavior that is potentially trou-
blesome. However, for distances larger than &, the correlation functions
will decay exponentially. This raises the obvious question: Why don’t we
simply operate the computer at a finite temperature and use the results
from Aharonov and Ben-Or [3]? The answer is that the same mechanism
that is setting the temperature T for the environment is also affecting
the qubits. Thus, this is likely to introduce an exponentially short co-
herence time for the qubits as well. Furthermore, since one of the basic
assumptions of quantum computation is the ability to prepare the ini-
tial state of the computer, it is reasonable to consider that the computer
and the environment are not entangled at beginning of the calculation.
Hence, we assume that the initial state vector of the system is

(W (t=0)) = [t0) @ |¢o) - (1.22)

The state ¥ will evolve according to the unitary operator U(A,0). At
a time A, the syndrome is extracted and the computer wave function is
projected,
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where m corresponds to a particular syndrome, with ), Pm = I and
P2, = Pm. In the case of many logical qubits evolving together, the
symbol m denotes the set of all the syndromes extracted at time A.
Finally, as required by QEC, an appropriate recovery operation Ry is
performed:

|¥ (A)) = Rm (A+6,,A) PmU (A,0)|T(0)), (1.23)

where ¢, denotes the duration of the recovery operation.

It is well known that quantum error correction could also be per-
formed without the measurement of the syndrome. However, in that
case a fresh supply of cold ancillas must be made available at each QEC
step. Thus, we must consider two possible scenarios: i) If the ancillas are
only briefly in contact with the computer and bath, then to our purposes
this procedure is completely equivalent to the use a measurement; ii) if,
however, the ancillas cannot be separated from the computer and the
bath, then we must also follow their dynamics. Although the inclusion
of the ancillas would not change our conclusion, it would introduce some
non-essential elements to the discussion (such as where and how they are
stored). Therefore, we will limit ourselves to the more usual prescription
of QEC using syndrome extraction.

The generalization of Eq. (1.23) to a sequence of QEC cycles is straight-
forward [24],

Tw = Vwy (NA, (N = 1)A)...v4, (A, 0), (1.24)
where w is the particular history of syndromes for all the qubits and
Vw, (JA, (j = 1)A) = Ry, (j(A +6,), jA) Py, U (A, (j — 1)A)  (1.25)

is the quantum error correction evolution after each cycle.
There are two useful quantities that we can now calculate. The first
one is the probability to have a particular history of syndromes,

Pr(Yw) = (ol (vl Y, Tw [t0) 0) - (1.26)

The second quantity is the residual decoherence, which can be read from
the reduced density matrix

(ol [(o] TL, 18) (7] Tw [¥0)] l0)
(ol (0] TH L [0 ltp0)

with 7 and § being elements of the logical subspace.

prz(Tw) = , (1.27)

The presence of the “interacting” Hamiltonian V' precludes us from
explicitly writing the exact quantum evolution. Therefore, the best that
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we can do with Eqgs. (1.26) and (1.27) is to write them as a double
series in V', namely, one for each Yy, operator. These are usually rep-
resented graphically as a double contour in time [see Fig. (1.1)]. The
upper leg stands for the time ordered series (T ) , while the lower leg
stands for the anti-time-ordered (Y1 ). In the out-of-equilibrium liter-
ature, this sort of diagram is sometimes referred as Keldysh’s contour.
There are six (non independent) Green functions in such representation:
The usual advanced and retarded functions for the time-ordered series;
the advanced and retarded functions for the anti-time-ordered; and the
< and > functions, corresponding to contracting a term from the time-
order series with a term from the anti-time-ordered one. There are very
good reviews on the Keldysh formalism, but unfortunately the diagram-
matic rules can be very cumbersome. Hence, before we start a general
discussion, it is instructive to consider a simple case. Also, for clarity, we
will focus our discussion on the simplest quantity to calculate, Pr (YTy,).

t, t 4 t;
t 3 4 t ;3 ty
(a) (b)

Fig. 1.1. Graphical representation of two fourth-order terms in a “time-loop”
expansion for either the probability of a given evolution or the reduced density
matrix (spatial dimensions are suppressed for clarity). Points of interaction
with the bath (circles) are connected by propagation of the environmental
modes (wiggly lines).

1.3.1 Qualitative discussion

In this section we develop some intuitive understanding of how QEC
works in a critical environment. Hence, we assume (for the moment)
two simplifications: i) For quantum error correction periods where an
error was diagnosed, we expand the evolution to lowest order in U; ii)
for QEC periods where a “non-error” was diagnosed, we approximate
U =~ I. Neither of these assumptions is rigorously valid in general, but
they strip the discussion of many unimportant details.

The simplest case to discuss is a single error and a single quantum
error correction step. For example, let us consider that the syndrome
my tell us that a Z error occurred at qubit 1 in the first quantum error
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correction cycle. Thus, using Egs. (1.25) and (1.26), it is straightforward
to write the probability of this history,

2 A A
Pr (Uml (A,O)) == (%) / dtz/ dtl <fJ(X1,tg)fz(xl,t1)>+0()\;l).
’ ’ (1.28)
If the theory is properly regularized in the ultraviolet, Eq. (1.28) is a
well-defined object, P (Uml (A, 0)) =e.

The next case is to consider two Z errors at different periods. For
instance, let us assume the history points to an error in the first period
at qubit 1 and another error in period j + 1 at qubit 3. The quantum
evolution now reads

A2 DA A
UmzUm,; = (7) / dt3/ dtl fZ(X3a t3)fz(xla tl) + O()\Azl)v
J 0

iA
(1.29)
which implies a probability
A\ 4 pEtna A
Pr (’Umsvml) = (—Z) / dt4 dtg / dtl dtz
2) Jia 0
x (fl(x1,t2) f1(xs, ta) f=(x3, t3) f2(x1,11))
+ O0\9). (1.30)

Using Wick’s theorem, we can write the four-point correlation function
in terms of products of two-point correlation functions, Eq. (1.8). Hence,
Eq. (1.30) can be simplified to

(fI(x1,t2) f1(x3,t4) f2(x3, t3) f=(x1,11))

= (fI(xaste) fl(xs, ) (%8, 13) f2 (%1, 1))

|

+ <f§(x1;t2)fl(?l<37t4)fz(X3,t3)fz(X1,lt1)>

1 1
T (e o) f (xa, t4) f2(xa, 1) f2 (xa, 1)
(1.31)
where the bars indicate the correspondent two-point functions. The first
term in this equation is the simplest to understand. The domains of
integration are disjoint and we simply obtain a result proportional to €2,
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i.e., the probability of having two “uncorrelated” errors. The other terms
are corrections to €2 due to “correlations” between errors. It is expected
that these terms should produce small corrections to the “uncorrelated”
value. Hence, the strategy that we shall follow is to derive a perturbative
expansion for these corrections.

If errors occur far away in space-time, the precise position of each one
is not very relevant to the calculation. Hence, we can coarse grain the
space-time to a volume A X (VA)D/Z. Probably the simplest method to
perform this step is to use the operator product expansion on v,,, and

Umy s
fo(x,t) ~  f.(x,0)+ 0 f.(x,0) ¢+ Lr.t.
where ~ stands for equal up to non-singular terms. Thus, the leading

corrections to the “uncorrelated” probability are

Pr(UmyUm,) =~ €

<)\Z)4 (fI(x1,0)f] <x|3,jA)fz(x3,jA)fz<xll,o>> A2

2

(& )4 (F16c1,0) 71 (x, JA) - (%3, 3A) - (x2,0)) A7
2

Of course there are many more terms to be calculated, but these leading
terms already reveal a very important pattern. Since we known from
the syndrome that a particular event (error or no-error) has happened,
both branches of the Keldysh contour (the time-ordered and anti-time
ordered series) must have insertions of V' occurring at the same coarse-
grained times (see Fig. 1.2). This reduces the number of time integrals
to be taken from four to two. Thus, the effective scaling dimension for
the infrared component of the probability is doubled in comparison to
the naive expectation. Most of our discussion will now turn to formalize
this result and to properly calculate e.

1.3.2 Quantitative discussion

The key step in the discussion of the previous section was the coarse
graining of space-time. But this crucial step introduces a conceptual
problem. If two qubits are separated by a distance smaller than (vA)l/ z,
then we cannot define neither a unique probability for an event nor
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0 in 0 iA
t oz ; A t o in
(a) (b)

Fig. 1.2. Graphical representation of two fourth-order terms in the coarse-
grained scale.

a unique “long-range” operator, such as the one we wrote using the
operator product expansion. For instance, imagine that two errors were
diagnosed in two physical qubit belonging to different logical qubits. If
the two errors are inside the fundamental volume A x (VA)D/ “, then the
probability of this two events, to lowest order in V| is

4 A
Pr (Uml) = 62 + <)\7a> / dtl dtz dtg dt4
0

(fl(xa, t4)fl(>l<2, t2) fo(X2,13) fa(X1,t1))

J
1 1

R ea,ta) Fl (X2, 1) f (%2, 3) fa (X1, 1))

The last two terms are corrections to the probability e of an error in
a qubit that is conditional to the events in the other qubits inside the
fundamental volume. Similarly, if we try to coarse grain space-time, then
we would find a different operator for each possible set of events in
A x (vA)P/2.

Since we do not want to deal with such conditional probabilities, we
assume the single most important simplifying hypothesis of our discus-
sion: We assume hereafter that the qubits are separated by a minimum
distance

€= (vA)Y*7, (1.33)

where v is the velocity of the bath modes and z is the dynamical exponent
of the theory describing the environment. This implies that for all qubits
separated by this minimum distance, x1 # x2 and [t; — t1] < A, we
have (fo(x2,t2)fa(x1,t1)) = 0. Thus, if we impose this “hypercube”
assumption in the previous example, we see that Eq (1.32) is reduced
to €2. In conclusion, the hypercube assumption allow us to assign an
independent probability for an error to each qubit.

(1.32)
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Until this point, all our discussion was based on using an expansion
to the evolution operator to lowest nontrivial order. However, in order
to obtain a better quantitative result, it is important to try to improve
the expansion by taking into account higher order contributions.

We start by writing the evolution operator at the end of a quantum
error correction cycle. Using the hypercube assumption, it is straightfor-
ward to see that if an error @ was diagnosed on qubit 1, the lowest-order
terms in the evolution are

A
Vo (X1, \0) =~ —i)\a/ dt fo (x1,1)
0

1 A
— &l Mgy 0 () Tt/ dt dt
0
X fp (x1,t1) fry (X1,t2) 05 (t1) 0 (t2)

. A
v Z 2
+ 6 - )‘Oz)‘ﬁ Oa (A) Tt‘/o dtq dts dts

X fo (x1,t1) fp (X1,t2) f5 (X1,13)
XOq (tl)Ug (tg)Ug (t3)+..., (134)

where €43+ is the antisymmetric tensor. In Refs. [26, 25], we employed a
perturbation theory improved by the renormalization group to take into
account higher-order terms. This is certainly a very compact and elegant
way to proceed, but a conceptually simpler approach is also possible in
many cases by summing the so-called bubble diagrams.

By time-ordering the probability, T} P (Um, ), we obtain a term at m-th
order in the perturbation theory as

A tm—1
/ dtl.../ At (o (81) Fo (£2)) oo (F (bt) fo (E)) . (1.35)
0 0

In the case where (f, f3)  dag, the series of diagrams with this form is
certainly the most divergent set.

From our qualitative discussion, we know that there are two very
different frequency regimes: i) A high-frequency domain from A~! to
the cutoff frequency of V', wp, which corresponds to summing up the
most divergent diagrams inside a hypercube; ii) a low-frequency domain,
for contractions between hypercubes. Hence, it is convenient to separate
these two domains,

fo=f9+ 1), (1.36)
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and integrate out of the problem the high-frequency components of the
environment. This integration produces two effects.

First, the sum of diagrams containing only high-frequency terms usu-
ally produces a geometric progression. Assuming, for the sake of sim-
plicity, bosonic commutation relations, the series adds to

A2 (QA)2E9)
1422 (QA)2E7

where €2 is a function of wp and other microscopic parameters. The
second effect is to dress the low-frequency part and create an effective
coupling constant

(1.37)

N~ A .
V1422 (04)%

(1.38)

These two contributions can be put together under a new set of oper-
ators defined in the coarse-grained space-time grid,

va (x,A,0) ~ (1 - Z ea> Fy (x,0) (1.39)

(03

and

V2 (x,A,0) ~ ey [14 F, (x,0)], (1.40)
where
A5 A)? 2

Fo(,0) =1 - 222|169 ) (1.41)

and

_ L a2 g ’

F, (x,0) = e_()\O‘A) S (x,0)] (1.42)

with :: denoting the normal ordering with respect to the environment
state . If €, and A} are small parameters, Eqgs. (1.39) and (1.40)
are a good approximation to the expectation value that we are trying
to evaluate. They separate the local (stochastic) contribution to the
probability of a particular syndrome from the long-range (correlated)
part.

1.4 The threshold theorem in a critical environment

Using the results from the previous section, it is relatively simple to
try to calculate the probability of a particular history of syndromes.
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In this section, we use such calculation to address the issue of the re-
silience of quantum computation in a critical environment. The basic
strategy is rather simple: If a correlated error model can be reasonably
approximated by a stochastic error model, then we can make use of the
traditional derivation of the threshold theorem [16, 3, 20].

We start by asking what is the probability of a computer with R qubits
to have m errors of type « diagnosed after N quantum error correction
cycles. Recalling Eqs (1.39) and (1.40), this probability can be written
as

o / dx, dXm /NA dty /fml b
r,, = DPm e — .. —
AP wa)PE e AT g A

x<[HF0(x<,t<)][1+Fa(x1,t1)} 1+ Fo (%, t )]>,
¢

(1.43)

where we integrated over all possible grid positions, (x;,t;), ¢ denotes
the set of remaining hypercubes, and p,,, = (1 -3, ea)RN " ea)™.

(a) (b)

Fig. 1.3. Graphical representation of Eqs. (1.44) and (1.45). Wiggly line rep-
resents a pair contraction (Fy (Xi,%:) Fa (Xj,t5)).

We now organize the expectation value of Eq.(1.43) in powers of
(A", €o) and invoke Wick’s theorem again. The first term is just the
stochastic contribution to the probability [see Fig. (1.3-a)],

dxj  dty NR "
Pm/H D/z—=pm( o )~pm(NR) S (4
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The next term is typically of the form [see Fig. (1.3-b)]

" dxk dtk
pm/kl:[l WI (Fo (%4, i) Fo (x5,15)) . (1.45)

All higher-order terms can be systematically taken into account and sim-
ply provide corrections to the stochastic probability shown in Eq. (1.44).

The last step to complete the discussion is to use Wick’s theorem and
Eq. (1.8) to show that the two-point correlation function for F, has the
general form

1 1
(Fo (xi,1:) Fo (x5, t5)) Nf< T Z) . (L46)
i — 350 s — 5%/

Hence, a perturbative expansion in A}, is guaranteed to be stable if the
term in (1.45) remains finite and smaller than the leading term (1.44).
This requires

D+2z-25<0. (1.47)

In other words, whenever Eq.(1.47) is satisfied, correlations between hy-
percubes produce small corrections to Eq. (1.44). Therefore, the tradi-
tional proof of resilience holds whenever the error probability €, is below
the threshold value.

The opposite situation, D 4+ z — 2§ > 0, is much less clear. In this
case, the expansion is not stable and no conclusion can be draw. It
is important to emphasize that the calculation we just did does not
precludes that QEC can still be effective. The instability is only telling
us that a perturbative expansion in A}, is not well define and that the
threshold theorem, as we stated, does not hold. It is conceivable that
some different derivation of the theorem could still exist in this case.

1.5 The threshold theorem and quantum phase transitions

It is possible to construct a very nice analogy between our discussion
and the theory of quantum phase transitions [27]. In fact, the tradi-
tional threshold theorem can be thought as a quantum/classical phase
transition: Ref. [2] tell us that the error probability e plays to fault tol-
erance a role similar to the temperature in a physical system. This is
how:

i) For € < €., the computer components can maintain a large entan-
glement through fault-tolerant procedures, which in turn means that
the computer and the environment are weakly entangled. Hence, due to
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Fig. 1.4. Phase diagram of a quantum computer running QEC. The parameter
6 denotes the scaling dimension of the environment operator in the system-
environment interaction [see Eq. (1.8)].

this large internal entanglement, the quantum computer departs from
the classical computer model and can not be efficiently simulated by a
Turing machine.

ii) For € > e, the computer components are weakly entangled and,
therefore, can be efficiently simulated by a Turing machine. In other
words, the computer density matrix is no longer represents a pure state,
but rather a statistical mixture, and the computer components are strongly
entangled with the environment.

In this sense, the threshold theorem defines a “phase transition” from
a high-temperature phase, where qubits are ”independent“ from each
other, to a low-temperature phase, where quantum coherence and en-
tanglement are possible.

Our analysis of a critical environment adds another parameter to this
interpretation: The scaling dimension §. This quantum parameter de-
fines another axis in the ”phase diagram* of a quantum computer [see
Fig. (1.4)].

In the theory of quantum phase transitions, a dimension criterion as
D+2z = 2§ defines what is usually referred as the upper critical dimension
of the model. Above the upper critical dimension [when the inequality
(1.47] is satisfied) the model is essentially free and perturbation theory
works. Below the upper critical dimension, there are two possibilities:
i) If the system is above its lower critical dimension, some infinite re-
summation of diagrams is necessary, but the theory is still preserve its
weak coupling character (although no longer with mean-field exponents);
ii) if, however, the theory is below its lower critical dimension, the theory
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is in a strong coupling regime, and no re-summation of diagrams will help
us to determine its physical characteristics.

If we take the analogy with the theory of quantum phase transitions
literally, we could argue that below the upper critical dimension of the
computer, D 4+ z > 2§, there are two possible scenarios. It is possi-
ble that for a range of scaling dimensions § another proof of resilience
can be achieved. However, there may also be a range of § where no
proof of resilience exists (in other words, there is never resilience to er-
rors). Although this issue is rather speculative, the similarity between
the threshold theorem and quantum phase transitions is so striking and
intuitive that the existence of these extra “phases” is rather tantalizing
and likely worth exploring.

1.6 Conclusions

It is believed that some sort of Quantum Error Correction must be al-
ways implemented at last logical level[31]. Thus, it is undoubtedly one of
the cornerstones of quantum computation. However, it has been argued
that QEC relies on a set of unphysical assumptions [7, 8, 9], namely: (i)
“fast” measurements, (ii) “fast” gates, and (iii) describing decoherence
by error models. Our perspective is that all these problems are not of
fundamental nature. They are legitimate concerns, but they also have
been discussed extensively in the literature: First, in Ref. [14] DiVincenzo
and Aliferis demonstrated that resilient circuits can be constructed with
slow measurements. Second, we used some reasonable assumptions to
treat “slow” gates and laid the groundwork for a theoretical framework
that connects microscopic Hamiltonian’s with error models in correlated
environments. Finally, our results, in conjunction with those of Ref. [4],
show that a large class of critical environments are already properly
treated within the QEC framework.

Bibliography

I. Affleck and A. W. W. Ludwig. Critical theory of overscreened kondo fixed
points. Nuclear Physics B, 360(2-3):641 — 696, AUG 19 1991.

D. Aharonov. Quantum to classical phase transition in noisy quantum com-
puters. Physical Review A, 6206(6):062311, DEC 2000.

D. Aharonov and M. Ben-Or. Fault-tolerant quantum computation with con-
stant error rate. eprint arXiv.org:quant-ph/9906129v1.

D. Aharonov, A. Kitaev, and J. Preskill. Fault-tolerant quantum computation
with long-range correlated noise. Physical Review Letters, 96(5):050504,
FEB 10 2006.



20 FE. Novais et al

K.A. Al-Hassanieh, V.V. Dobrovitski, E. Dagotto, and B.N. Harmon. Numer-
ical modeling of the central spin problem using the spin-coherent-state p
representation. Physical Review Letters, 97(3):03724, 2006.

R. Alicki. Quantum error correction fails for Hamiltonian models. Fluctuation
and Noise Letters, 6(3):C23 — C28, SEP 2006.

R. Alicki, M. Horodecki, P. Horodecki, and R. Horodecki. Dynamical de-
scription of quantum computing: Generic nonlocality of quantum noise.
Physical Review A, 65(6):062101, JUN 2002.

R. Alicki, M. L. Horodecki, P. L. Horodecki, and R. Horodecki. Thermody-
namics of quantum information systems - Hamiltonian description. Open
Systems € Information Dynamics, 11(3):205 — 217, 2004.

R. Alicki, D. A. Lidar, and P. Zanardi. Internal consistency of fault-tolerant
quantum error correction in light of rigorous derivations of the quantum
Markovian limit. Physical Review A, 73(5):052311, MAY 2006.

P. Aliferis, D. Gottesman, and J. Preskill. Quantum accuracy threshold for
concatenated distance-3 codes. Quantum Information & Computation,
6(2):97 — 165, MAR 2006.

G. Burkard, D. Loss, and D.P. DiVincenzo. Coupled quantum dots as quantum
gates.

J. P. Clemens, S. Siddiqui, and J. Gea-Banacloche. Quantum error correction
against correlated noise (vol A 69, art no 062313, 2004). Physical Review
A, 70(6):069902, DEC 2004.

F. M. Cucchietti, J. P. Paz, and W. H. Zurek. Decoherence from spin envi-
ronments. Physical Review A, 72(5):052113, 2005.

D. P. DiVincenzo and P. Aliferis. Effective fault-tolerant quantum compu-
tation with slow measurements. Physical Review Letters, 98(2):020501,
JAN 12 2007.

M. Gaudin. Diagonalisation d’une classe d’hamiltoniens de spin. Journal de
Physique, 37:1087, 1976.

D. Gottesman. Theory of fault-tolerant quantum computation. Physical Re-
view A, 57(1):127 — 137, JAN 1998.

L.C.L. Hollenberg, A.S. Dzurak, C. Wellard, A.R. Hamilton, D.J. Reilly, G.J.
Milburn, and R.G. Clark. Charge-based quantum computing using single
donors in semiconductors. Physical Review B, 69(11):113301, 2004.

R. Klesse and S. Frank. Quantum error correction in spatially correlated
quantum noise. Physical Review Letters, 95(23):230503, DEC 2 2005.

E. Knill, R. Laflamme, and L. Viola. Theory of quantum error correction for
general noise. Physical Review Letters, 84(11):2525 — 2528, MAR 13 2000.

E. Knill, R. Laflamme, and W. H. Zurek. Resilient quantum computation
(Jan, pg 342, 1998). Science, 293(5539):2395 — 2395, SEP 28 2001.

A.J Leggett, S. Chakravarty, A.T. Dorsey, M.P.A. Fisher, A. Garg, and W. Zw-
erger. Review of Modern Physics, 59:1, 1987.

G. D. Mahan. Many-Particle Physics. Physics of solids and liquids. Kluwer
Academic / Plenum Publishers, 233 Spring St., New York, NY, 10013,
3rd ed. edition, 2000.

Yu. Makhlin, G. Schoén, and A. Shnirman. Quantum-state engineering with
josephson-junction devices. Review of Modern Physics, 73:357, 2001.

E. Novais and H. U. Baranger. Decoherence by correlated noise and quantum
error correction. Physical Review Letters, 97(4):040501, JUL 28 2006.

E. Novais, E. Mucciolo, and H.U. Baranger. Hamiltonian formulation of quan-
tum error correction and correlated noise: Effects of syndrome extraction



Hamiltonian Methods in QEC and Fault Tolerance 21

in the long-time limit. Physical Review A, 78(01):012314, 2008.

E. Novais, E. R. Mucciolo, and H. U. Baranger. Resilient quantum computa-
tion in correlated environments: A quantum phase transition perspective.
Physical Review Letters, 98(4):040501, JAN 26 2007.

S. Sachdev. Quantum Phase Transitions. Cambridge University Press, Cam-
bridge UK, 1999.

B. M. Terhal and G. Burkard. Fault-tolerant quantum computation for local
non-Markovian noise. Physical Review A, 71(1):012336, JAN 2005.

S. Vorojtsov, E.R. Mucciolo, and H.U. Baranger. Phonon decoherence of a
double quantum dot charge qubit. Physical Review B, 71(20):205322,
2005.

S. Weiss. Quantum Dissipative Systems. World Scientific, Cambridge UK,
1999.

W. H. Zurek. Decoherence, einselection, and the quantum origins of the clas-
sical. Review of Modern Physics, 75(3):715 — 775, JUL 2003.



