Wilson Numerical RG

Goal of method: Find ground and low-lying excited states.

First applied to Kondo impurity problem (K.G. Wilson, Rev. Mod.
Phys. V47, 773 (1975)). In that context it is complicated by various
changes of basis to map the system onto a 1D half-lattice

We consider here the numerical method applied to a full 1D lattice:
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Procedure

1. Diagonalize block B.

2. Form partial matrix of eigenvectors O, containing m lowest energy

states v;.
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3. Change basis and truncate all operators describing B, getting new

’ Mx A
block B'.
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H =0THO; S =07570, etc.
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(Leave original site basis behind.) In some sense B’ = B.
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4. Combine two adjacent B'’s.

B" = B'@ B’; |i12) = |21)|i2)
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H'"=H @1+ 1% H + connecting terms

O
. P

1
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5. Replace B by B’ and iterate. P e \ "
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What justifies the truncation? " e
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1. We want the ground state and we are throwing out high energy
states (of small blocks).

2. In limit “connecting terms” are small, perturbation theory justifies
it.

3. Detailed analysis of structure of H for impurity problems.
Where has it been used?

Successes

e Impurity problems (Kondo, Anderson impurity, two Kondo impu-

rities).
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Test case—1D particle in a box @b —e—s
Continuum version: H = ——83—;; $(0) =(L)=0.
Lattice version: G e /\f
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This problem was studied as a test case for why RG fails by Wilson in
1986 (unpublished).

In this 1 particle problem, instead of adding blocks using direct produas
. _ L L Ny
&, we use direct sums @. Number of states = L, not 2% or 4%, 5@@@4 Zﬂf - U, V
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Initially H = (2) and T = (~1).
1. Combine two blocks:
r_ H T r O 0
#=(r x) T=(z o)

2. Diagonalize H', getting eigenvectors V;

3. TForm matrix O O{ < con !
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4. Change basis and truncate: O e 5% ame ¢
~0THO T"=07TO ree
m mxy & .
o Xﬂlﬁxﬁ} X ﬂ-ﬁ% ‘ e étwéz,,
5. Replace H and T by H" and T" and iterate. A \
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How does it do?
¢
Test calculation: 10 blockings, keeping m = 8 states: A o
Exact RG i
Sl
Fo 2.351x107° 1.9207x1072 w:f 1
F 9.403x1075 1.9209x10~2 Jios .
Iy 2.116x107° 1.9214x1072
Es 3.761x107° 1.9217x 1072

It performs terribly. Why? Look at continuum states.

Isolating a block sets ¢ to 0 at the edges (fixed BCs). }/N !/‘\/

~ Particle-in-a-box eigenstates.
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Any state formed by low-lying states has a “kink” in the middle. To

remove kink, need to keep almost all states.
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How to fix it (White and Noack, PRL 68, 3487 (1992).)

One approach involves different boundary conditions.

Periodic BCs? Only slightly better. Get “staircases” in excited states.
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Free BCs? (Slope vanishes at edges.) Again, only slightly better (flat
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spots).
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One solution: Combine states from different BCs.

e States must be orthogonalized.
Example: Fixed-Free combination.

Use m/4 states from each of Free-Free, Fixed-Free, Free-Fixed, Fixed-

Fixed BC’s. ( 4 h fi;}aw%( ‘,%%,%fu\g el fAevat on \)
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O = Gram-Schmidt(O) ( OHlay wige prece Jeve s ,iu[gvﬁt fj

Test case: m = 8 states, 10 blockings:

Exact Standard RG Fixed-Free
Ey 2.3508x107° 1.9207x 1072 2.3508 x 106
Fy 9.4032x 1076 1.9209%x 1072 9.4032 x10~°
E> 2.1157x1077 1.9214x1072 2.1157 x107°
Es 3.7613x10? 1.9217x10~2 3.7613x107°
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Ground states:
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M{Q Other variations: periodic-antiperiodic works almost as well.

Why does varving the boundary conditions work?

When you isolate a block, that applies a particular BC to the block.
The rest of the lattice, if it were there, would apply different BCs, so
the states you keep aren’t appropriate. You have two ways to rectify
: , A . .
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1. Make each block able to represent a Varlety of BCs. This is what

we just did with the fixed-free method. ~—~
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2. Design each block to represent the exact BC it needs. I g B
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In method 2, block must know where it goes. Clearly method 2 must

be iterative.

Method 1 doesn’t work well for interacting systems—need too many
states to represent response to lots of possible BCs. Also, it’s not clear
how to choose to vary the BC’s in interacting systems. I tried several

methods for Heisenberg chains—none worked.
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How do we implement method 27
Can’t add two blocks together—the blocks are appropriate for one loca-

tion only., Must add a site onto a block: sites go anywhere.
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Need representation of rest of system. Use one block for left half of

system, another for right half, with a few sites in between.
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How do we choose the m states to keep? Diagonalize full system, and
project out the left part of the m lowest energy eigenstates. Just like
when we vary the BCs, we need to orthogonalize these left parts of the

elgenstates.
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Procedure

Start with a set of £ = 1...L approximate blocks representing the
right-hand set of sites from £ to L.

Progressively add sites to left block. The left block grows, and we use
progressively smaller right-hand blocks. (There is no way to “shrink”
the right-hand block.) Store each left block as it is formed.

When you get to the right side, turn around and use the stored left
blocks, adding sites to the right block.

Iterate until converged.
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DMRG for 1D particle in a box

Procedure
Initially H = (2) and T = (—1) = column vector.
We have a set of blocks H of all sizes up to L.

1. Form H for the whole lattice.
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2. Diagonalize H, getting eigenvectors V%, £ = 1,...,m. Discard V¢,

t=m+1,...,N.

3. Form matrix O
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4. Change basis and truncate:
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6. Reverse directions and go right to left.

7. Repeat until converged.

How do we get an initial set of approximate blocks to use at first?

At the beginning, when the left block is small, the best approximation
we have for big right block is the biggest left block we have so far, but

flipped around. BK - bevevse B\j

So in the first pass through the lattice, when H is called for in con-

structing H, we just reverse the rows and columns of I to get it.



/A

Interacting Systems

Now we want to generalize to interacting systems. This primarily con-

sists of adding sites with an ®, not an &.

Most of the DMRG procedure outlined before needs little change. The

main question:
How do we project out a state for a block from a state of the entire_ 3&

lattice? Problem: the projection is many-valued.

Let |i) be the states of the block, and |j) be the states of the rest of the /=« j« o

lattice. A state of the entire lattice can be written as = -
DEDIROT
(¥
In general, there is no way to pick states |) and |5} so that
) = [}]7)

Example: if the block has an average of N particles, it can still fluctuate
into states with N+£1, N £2, particles. Need at least one state for each
number of particles. (A state without a definite N, such as the BCS

~ wavefunction, doesn’t help, either.)

We will need an approrimate projection. What is the best projection?

It comes from the density matrix.
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Density Matrices

Reference: R.P. Feynman, Statistical Mechanics: A Set of Lectures

Let |¢) be the states of the block (the system), and |7) be the states of
the rest of the lattice (the rest of the universe). If ¥ is a state of the

entire lattice,
= S vslil
ij
The reduced density matrix for the system is
piit = Z Vi
7
An operator A which acts only on the system can be written as

A= ZAM@I@»W b= Aulg) (@01,

141 i!
The expectation value of A can be written in terms of the density matrix
Z Azz’¢33 wz ty — Z Azz 1P = TI'PA
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A nice way of representing p is through its eigenstates |v,) and eigen-

values ﬁx >0 (3, wa=1) — SR T,z Trps l&%
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The |v4) pr0V1de the best way to project out important states of the

i block. We can argue several ways. Notice that

= z We (Vo ]Alva)

If for a particular o, w, = 0, we make no error in (A) if we discard

|va)-
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