
Microscopic tests of Abelian and 
non-Abelian braiding statistics in 
the fractional quantum Hall effect
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• Abelian braiding statistics   (Gun Sang Jeon, Kenneth Graham, JKJ) 

• Non-Abelian statistics   (Nicolas Regnault, Csaba Toke, JKJ)



braiding statistics
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• Imagine particles that acquire non-trivial, path independent  phases 
when they go around one another.

• Half a loop of a particle around another is equivalent to an 
exchange, which produces a phase factor          .  Such particles are 
said to obey fractional “braiding statistics.” 

• Fractional statistics can be defined only in two dimensions, for 
particles that have an infinite hard core repulsion.  It is a topological 
concept.

• Anyons can be modeled as fermions (or bosons) with flux lines  
bound to them.

Leinaas, Myrheim (1977),
Wilczek (1982)



• Just because one can define fractional braiding statistics 
does not mean that it exists in nature.

• All particles in nature are either bosons or fermions. 
However, there is no principle that precludes certain 
emergent quasiparticles from possessing fractional 
braiding statistics.

• FQHE is currently the best (the only?) candidate for its 
physical realization.



FQHE: a new quantum fluid
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Quasihole at 1/m is modeled as a vortex.

“Quasielectron” looks nothing like an electron.  
The name “quasiparticle” is more appropriate.

!quasihole
! =

!

j

(zj ! !)!ground

!quasielectron
! = exp

!

"!
#

j

|zj |
2/4

$

%

&

j

'

2
!

!zj
! "!

(

&

i<k

(zi ! zk)m

!

! =
1

m

"

Excitations Laughlin, 
1983



Fractional charge

The charge excess or deficiency associated with a 
quasiparticle or a quasihole is precisely e/m.  This can be 
confirmed by a direct integration of the charge density.

Morf and Halperin



Take a vortex adiabatically in a closed loop.  The Berry 
phase for a vortex simply counts the number of electrons 
enclosed in the loop:
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In FQHE, the Berry phase also gets a contribution from 
the ordinary Aharonov Bohm effect, which must be 
subtracted:

The braiding statistics can be evaluated with the 
knowledge of the many body wave function for the 
quasiparticles.

Braiding statistics



The Berry phase for a vortex:

!
!

vortex
= 2!Nenc

The braiding statistics thus depends on the change in the 
number of electrons upon the insertion of an additional vortex 
inside the area enclosed by the loop:

Halperin, 1984
Arovas, Schriefffer, Wilczek, 1984

Braiding statistics for the vortices

The 1/m quasihole happens to be a vortex, thus obeys 
fractional braiding statistics.  This is closely related to 
fractional charge.
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Kjonsberg and Myrheim (1998):  
Braiding statistics of quasiholes at 1/3 
for N=20, 50, 75, 100, 200.  

Kjonsberg and Myrheim (1998):  
Braiding statistics of quasiparticles at 
1/3 for N=20, 50, 75, 100, 200.  
Laughlin’s wave function is used.

Problems

Quasiparticles / quasiholes of other FQHE states are 
not vortices.  How about their braiding statistics?

Braiding statistics is a subtle property.  
It does not follow from fractional charge. 



Composite fermion theory



• Find the solutions for the quantum mechanical problem of interacting 
electrons in a magnetic field.

• In the limit of                  the kinetic and Zeeman energies are constant.

• No small parameter.  Approximate strategies are doomed by the absence 
of a small parameter.  Usually the interaction is treated as a perturbation.  
Here interaction is the only energy in the problem.  Perturbation theory is 
not possible.  

• The FQHE problem has no normal state.         

Statement of  the FQHE problem
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• If we “switch off” the interaction between electrons, all 
lowest Landau level configurations are degenerate.

 

the degeneracy problem

• The repulsive Coulomb interaction between electrons 
picks out one of these states as the ground state.  Our 
goal is to find this state.

• On purely theoretical grounds, with no small 
parameter to guide us, we have no idea where to start.  
The problem appears hopelessly intractable.



Composite fermion = electron + 2p quantized vortices

In general: electron + flux = anyon   (Leinaas & Myrheim; Wilczek)

Jain, 1989
Composite fermions

Composite fermion = electron + 2p flux quanta

A vortex is often represented as a flux quantum.  A composite 
fermion is often thought of (somewhat inaccurately) as:

A quantized vortex is a topological object.  Hence also 
is the composite fermion.
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The CF theory in a nutshell
Electrons transform into composite fermions by capturing 2p quantized 
vortices. Composite fermions experience a much reduced effective magnetic 
field. The complex problem of strongly correlated electrons thus maps into a 
relatively simpler problem of weakly interacting fermions at an effective 
magnetic field.



Consider composite fermions at 

Here

FQHE  =  IQHE of  composite fermions

At these filling factors, when electrons transform into composite 
fermions, the enormous ambiguity of the electron problem completely 
disappears to produce a unique state with a gap.



are precisely the observed fractions.

The CF theory predicts sequences of fractions.

The order of stability is correctly predicted.



L L
Dev, Kamilla, Jain (CF energies)
He, Xie, Zhang (exact diagonalization)

0.05% accuracy 
with no 
adjustable 
parameters!



222 Microscopic verifications

Table 6.4. Overlaps of the wave functions of Eq. (5.32) with the
corresponding exact (Coulomb) ground state wave functions for several
incompressible states. Results are taken from G. Fano, F. Ortolani,
and E. Colombo, Phys. Rev. B 34, 2670 (1986) for ! = 1/3; G. Dev
and J.K. Jain, Phys. Rev. Lett. 69, 2843 (1992) for ! = 2/5; and

X.G. Wu, G. Dev, and J.K. Jain, Phys. Rev. Lett. 71, 153 (1993) for
! = 3/7 and 2/3.

! n N overlap

1
3 1 7 0.9964

8 0.9954
9 0.9941

2
5 2 6 0.9998

8 0.9996

3
7 3 9 0.9994

2
3 -2 6 0.9965

8 0.9982
10 0.9940

! = 1/3, the CF quasihole wave function is the same as the one proposed
earlier by Laughlin.)

6.5.1 Gaps

Since the gap is an O(1) energy obtained as the di!erence between two
large O(N) energies, its accuracy is expected to be less than that of
either the ground state or the excited state energy. A comparison of gaps
predicted by the CF theory with the corresponding exact gaps (Table
6.5) shows that the discrepancy is on the order of a few percent. The
full dispersion of the CF exciton branch has a similar level of accuracy,
as seen in Figs. 6.1.

6.5.2 Composite fermions in negative B!

A filling factor of the type f = n/(2n! 1) can be understood either as
an e!ective filling !! = n of composite fermions, but with the e!ective

Fano, Ortolani, Colombo
Wu, Dev and Jain



Statistics

• The particle statistics has dramatic, testable 
consequences, both in condensed matter physics and 
quantum chemistry.

• Fermionic nature of electrons is crucial for explaining 
atomic physics (periodic table), Fermi sea, 
superconductivity.

• Bosonic nature of He-4 atoms is responsible for the 
phenomenon of superfluidity.



Statistics of composite fermions

• FQHE: composite fermions fill CF-Landau 
levels

• prominent sequences of fractions

• Effective magnetic field

• CF Fermi sea

• Microscopic wave functions

• Excitations; energy level counting

• etc.

The fermionic statistics of composite fermions is firmly 
established.  Much of our understanding is based on that 
fact. 



• The phenomenon of the FQHE and all related experimental 
observations, so far, can be understood,  at an impressive 
level of qualitative and quantitative detail,  as a consequence 
of composite fermions.

• Fractional braiding statistics is also a direct consequence of 
the formation of composite fermions.



The law of corresponding states: The 
fundamental consequence of the CF theory is a 
one-to-one correspondence between the low 
energy states at     and      , which allows us to 
understand strongly interacting FQHE system 
by analogy to a weakly interacting system.

A “quasiparticle” is a composite fermion in an 
otherwise empty level, and a “quasihole” is a 
missing composite fermion from a full level.

This gives us quasiparticles and quasiholes of 
all FQHE states at once.  

The quasihole of 1/m happens to be a vortex.  
But that is an exception.  Other quasiparticles or 
quasiholes are not vortices, but have a 
tremendously complicated structure.

! !
!



L L
Dev, Kamilla, Jain (CF energies)
He, Xie, Zhang (exact diagonalization)

0.05% accuracy 
with no 
adjustable 
parameters!
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excess charge

• The charge excess associated with a CF-quasiparticle is 
equal to the charge of an electron + the charge of 2p 
vortices (which produce a correlation hole around it).   

• It has a precise fractional value.  Fractional charge.

e
!

= !1 + 2p
n

2pn + 1
= !

1

2pn + 1
For ! =

n

2pn + 1
,



CF-quasiparticles and CF-quasiholes obey fractional braiding 
statistics.

• The phase associated with 
a complete loop of a CF-
quasiparticle is given by:

• Berry phase difference:

• Fractional statistics

!! = !2!
BA

"0

+ 2!2pNenc

!"! = 2!2p!Nenc = 2!
2p

2pn + 1
! 2!"!

!! =
2p

2pn + 1

Does the heuristic result hold up in a microscopic calculation?

The fractional statistics is thus a statement about the change in the 
effective magnetic field due to order one changes in the density.

(gives B*)
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FIG. 1: Schematic depiction of (a) the ground state, and
(b) the single quasiparticle excitation at ! = 1/3 in terms
of composite fermions. The composite fermions are shown as
electrons with two arrows, where the arrows represent the vor-
tices bound to composite fermions. The labels n and l denote
the CF quasi-Landau level index and the angular momentum
of the composite fermion, respectively.

lowest LL is completely occupied and the second has pre-
cisely one electron. [See Fig. 1(b).] The CF wave function
for the quasiparticle at ! = 1/3 is then given by
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The lowest LL projection is accomplished by bringing all
of the z!j ’s to the left, and replacing z!j # 2"/"zj, with
the understanding that the derivatives do not act on the
Gaussian factor.11 This produces
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where the prime denotes the condition j $= i, or k $= i.

!1qp
CF is di"erent from !1qp

L . The lowest LL projected
form of this wave function is fairly complicated and would
have been di#cult to guess without guidance from the CF
theory. The presence of factors of the type (zj!zi) in the
denominator is not a problem because they are canceled
by similar factors in the numerator.

In order to investigate which wave function gives a bet-
ter description of the quasiparticle, we compute the ex-
pectation values of the Coulomb energy for each state:
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(Energies will be measured in units of e2/#.) Since both
trial wave functions are in the lowest LL, and the ground
state is the same, the di"erence

$E1qp % E1qp
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gives the energy di"erence between the quasiparticle en-
ergies predicted by the two theories.
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electrons; this does not allow a direct evaluation of E1qp
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L in Eq. (6) is possible by a

method similar to that used in Ref. 5. The partial in-
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FIG. 1: Schematic depiction of (a) the ground state, and
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of composite fermions. The composite fermions are shown as
electrons with two arrows, where the arrows represent the vor-
tices bound to composite fermions. The labels n and l denote
the CF quasi-Landau level index and the angular momentum
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CF quasiparticle at 1/3

The form of the wave function is different from Laughlin’s, and 
more complicated.
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FIG. 2: Energy di!erence, in units of e2/!, between "1qp
L and

"1qp
CF for a single quasiparticle at the origin.

N = 3, we obtained via Eq. (13) E1qp
L = 0.89121 ±

0.00002, which is in good agreement with the exact value
EL = (12357/24576)

!
! " 0.8912033.

Figure 2 shows the energy di!erence "E1qp as a func-
tion of the electron number N up to N = 160. For small
numbers of electrons (N # 5), the energy di!erence is
nearly zero. As N is increased further, the deviation be-
tween the two energies begins to grow. "E1qp increases
gradually, eventually saturating at a finite value " 0.011.
This result is consistent with previous studies, which also
reached the conclusion that the CF wave function has
lower energy.6–8 It is of interest to note that the energy
of #1qp

L is higher than that of #1qp
CF by approximately 15%

of the quasiparticle energy ($ 0.07). (We note that an
earlier calculation8 on the sphere obtained a di!erence
of " 0.005 between the two quasiparticle wave functions;
the reason for the discrepancy is unclear. We cannot
compare our results directly with those in Ref. 6 as that
work employed a model with short range interaction po-
tential.)

III. TWO QUASIPARTICLES

Next we consider states with two quasiparticles. The
CF theory provides the following wave function for two
quasiparticles at the origin4,11,12
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Here the superscript [N%2, 2] represents the occupation
number in each CF quasi-Landau level, namely, N%2
electrons for n = 0 and 2 electrons for n = 1 CF quasi-
Landau levels, as shown schematically in Fig. 3(a). We

N!3

0
n

1

0

n+l

1 2

2

(a)

!3N

0
n

1

0

n+l

1 2

2

(b)

FIG. 3: Schematic depiction of composite-fermion states (a)
[N !2, 2] and (b) [N !2, 1, 1]. The former has two composite
fermions in the second CF quasi-Landau level, whereas the
latter has one in the second and one in the third. The labels n
and l denote the CF quasi-Landau level index and the angular
momentum of the composite fermion, respectively.

will not show the explicit lowest LL projected form here,
which is significantly more complicated than that for a
single CF quasiparticle.

A generalization of Eq. (1) to two quasiparticles is also
straightforward:

#2qp
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(15)
which is identical to the wave function considered in
Ref. 9 for two quasiparticles at the origin.

As for one quasiparticle, we have computed the di!er-
ence
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CF , (16)
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For composite fermions, the energy can be calculated
using the methods described previously11 for fairly large
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For composite fermions, the energy can be calculated
using the methods described previously11 for fairly large
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systems. The evaluation of the Coulomb energy for !2qp
L

involves similar di"culty as the energy of a single quasi-
particle, caused by the presence of many derivatives.
What makes matters worse here is that !2qp

L has twice as
many derivatives as !1qp

L , producing more singular terms

in !V . Consequently, the convergence of the integration
becomes poor and the method employed in the preceding
section turns out not to be a clever way to treat !2qp

L .
As an alternative method, we have expanded !2qp

L in the
series
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and the primed summation runs under the restriction:
lj , mj , nj $ 0 and lj + mj + nj = 2 for all j. The expan-
sion in Eq. (19) is possible because the polynomial part in
!GS is the cube of a determinant. It has an advantage
over the previous method; we can obtain the analytic
form of !2qp

L without the explicit derivatives, which al-
lows a direct evaluation of the wave function itself. It
is also seen that the determinant in Eq. (20) vanishes
when all of ni’s are nonzero. For N = 3 the numerical
calculation using the wave function in Eq. (19) produced
E2qp

L = 1.2047 ± 0.0001, which compares well with the
exact value (87/128)

%
! & 1.204715.

Since the number of non-vanishing terms in
Eq. (19) increases rapidly, the integer coe"cients
C({lj}, {mj}, {nj}) were obtained numerically up to
N = 9. We plot #E2qp as a function of N in Fig. 4(a).
It is observed that !2qp

L has a much higher energy than

![N"2,2]
CF even for a small number of electrons, unlike

for a single quasiparticle. This discrepancy increases as
the system grows. From the closeness of the values for
N = 8 and 9 we presume that the thermodynamic limit
for the energy di$erence is & 0.16, which is surprisingly
big, even larger than the gap to creating a quasiparticle
quasihole pair out of the ground state (which is roughly
0.1). It far exceeds the naive estimate 2#E1qp & 0.022.

A qualitative di$erence between the two approaches
appears at the level of two quasiparticles. The two wave
functions considered above have di$erent total angular

(a)

(b)

FIG. 4: Energy di!erence between (a) "2qp
L and "[N!2,2]

CF , and

(b) "2qp
L and "[N!2,1,1]

CF .

momenta:

M [N"2,2]
CF =

1

2
(3N2 " 7N + 4), (21)

M2qp
L =

1

2
(3N2 " 7N). (22)

(The largest occupied single electron orbital has the same
angular momentum for the two states, though.) There is
no obvious way of constructing a generalization of !1qp

L

with an angular momentum M [N"2,2]
CF . However, it turns

out that the CF theory contains an excited state for two
quasiparticles with angular momentum M2qp

L :
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This wave function contains one excited composite
fermion in the second CF quasi-Landau level but
the other in the third CF quasi-Landau level, as in-
dicated by the notation [N"2, 1, 1]. See Fig. 3(b).

Comparing the two trial wave functions

Jeon and Jain, 2003
Kasner and Apel, 1993
Girlich and Hellmund, 1994
Bonesteel and Melik-Alaverdian, 1998
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FIG. 1: Schematic depiction of (a) the ground state, and
(b) the single quasiparticle excitation at ! = 1/3 in terms
of composite fermions. The composite fermions are shown as
electrons with two arrows, where the arrows represent the vor-
tices bound to composite fermions. The labels n and l denote
the CF quasi-Landau level index and the angular momentum
of the composite fermion, respectively.

lowest LL is completely occupied and the second has pre-
cisely one electron. [See Fig. 1(b).] The CF wave function
for the quasiparticle at ! = 1/3 is then given by
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The lowest LL projection is accomplished by bringing all
of the z!j ’s to the left, and replacing z!j # 2"/"zj, with
the understanding that the derivatives do not act on the
Gaussian factor.11 This produces
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where the prime denotes the condition j $= i, or k $= i.

!1qp
CF is di"erent from !1qp

L . The lowest LL projected
form of this wave function is fairly complicated and would
have been di#cult to guess without guidance from the CF
theory. The presence of factors of the type (zj!zi) in the
denominator is not a problem because they are canceled
by similar factors in the numerator.

In order to investigate which wave function gives a bet-
ter description of the quasiparticle, we compute the ex-
pectation values of the Coulomb energy for each state:
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with the total Coulomb energy

V %
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(Energies will be measured in units of e2/#.) Since both
trial wave functions are in the lowest LL, and the ground
state is the same, the di"erence

$E1qp % E1qp
L ! E1qp

CF (9)

gives the energy di"erence between the quasiparticle en-
ergies predicted by the two theories.

!1qp
L has many derivatives with respect to the coordi-

nates, the number of which increases with the number of
electrons; this does not allow a direct evaluation of E1qp

L

via Monte Carlo sampling according to |!1qp
L |2. How-

ever, an evaluation of E1qp
L in Eq. (6) is possible by a

method similar to that used in Ref. 5. The partial in-
tegration of all derivatives reduces the denominator and
the numerator, respectively, to the forms
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Defining S % sgn[
*

k(|zk|2 ! 2)], we can evaluate E1qp
L

by the expression

E1qp
L =

&&S -V ''
&&S''

, (13)

where &&. . .'' denotes the Monte Carlo average with the
weighting function |!GS|2

*
k

""|zk|2 ! 2
"". As a test, for

450 Non-composite fermion approaches

Table 12.1. The overlap of the exact wave function for the quasiparticle
excitation, obtained from diagonalization of the Coulomb Hamiltonian,

with the quasiparticle trial wave functions of Eq. (12.30) and Eq.
(12.37). The disk geometry with symmetric gauge is used. D is the
dimension of the Fock space in the lowest Landau level. Source: Dev

and Jain [121].

N D CF Laughlin

3 3 1 1

4 11 0.9969 0.9987

5 46 0.9930 0.9967

6 217 0.9941 0.9885

7 1069 0.9828 0.9651

8 5529 0.9671 0.9365

=

!
N"
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z!i#!

j(zi ! zj)

$
!1 , (12.36)

where the prime denotes the condition j, k "= i. To obtain the wave
function for the CF-quasiparticle, we composite-fermionize !particle

1 by
first multiplying it by

#
j<k(zj ! zk)2p and then projecting the product

into the lowest Landau level using the methods in Sec. 5.14. This yields

"CF"qp
1

2p+1
= exp

!
!1

4

"

i

|zi|2
$ !

N"

i=1

2 !
!zi#!

j(zj ! zi)

$
%

l<m

(zl ! zm)2p+1

=
N"

i=1

2(2p + 1)
&!

k(zi ! zk)"1

#!

j(zj ! zi)
" 1

2p+1
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(The presence of (zj ! zk) factors in the denominator is not a problem
because they are canceled by similar factors in the numerator.) The
CF-quasiparticle wave function is di#erent from Laughlin’s. The com-
parisons in Table 12.1 and in Fig. (12.3) demonstrate this wave function
to be better. Similar conclusions are reached by other studies (Kasner
and Apel [340]; Girlich and M. Hellmund [193]; Melik-Alaverdian and
Bonesteel [450]).

Several other qualitative facts, including the asymmetry between the



Kjonsberg and Leinaas (1999):  Braiding statistics of CF 
quasiparticles at 1/3 is meaningful.  

CF quasiparticle Laughlin





Text

The CF-quasiparticles obey well defined braiding statistics 
provided they are separated by >10 magnetic lengths.

Jeon, Graham, Jain,  PRL 2003, PRB 2004



Proposal I:  The quasiparticles of “paired CF states” obey 
non-abelian braiding statistics.  

Proposal II:  These can be used for topological quantum 
computation. 

Das Sarma, Nayak, Freedman,  2004
Stern and Halperin, 2005

Non-Abelian braiding statistics

Moore and Read, 1991



5/2 FQHE

Willett et al.
Pan et al.
Xia et al.



Pfaffian wave function

• A CF Fermi sea is seen at 1/2, but a FQHE is seen at 5/2.

• It is proposed that the 5/2 CF Fermi sea is unstable to a 
BCS-like p-wave pairing of composite fermions, which 
opens a gap (Greiter, Wen, Wilczek).

• The paired state is described by a “Pfaffian” wave function 
(Moore and Read):

7.4 Interacting composite fermions: new fractions 185

written earlier by Moore and Read [463]:
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where “Pf” stands for Pfa"an. Without the Pfa"an factor, the wave function still de-
scribes a system at ! = 1/2, but has the wrong exchange symmetry. The Pfa"an of an
antisymmetric matrix M is defined, apart from an overall normalization factor, as [419]

Pf Mij = A(M12M34 · · · MN!1,N ) , (7.12)

where A is the antisymmetrization operator. The Pfa"an factor makes !Pf
1/2 properly

antisymmetric without altering the filling factor. In the spherical geometry, the Moore-
Read wave function generalizes to

!Pf
1/2 = #2

1 Pf M , (7.13)

with Mij = (uivj ! viuj)!1.
While Pf Mij is a complicated function, its square is relatively simple [419]:

[Pf M ]2 = Det M . (7.14)

This property is useful in the calculation of the energy of the Moore-Read wave function,
for which only the modulus of the squared wave function is needed.

The usual Bardeen-Cooper-Schrie$er wave function for fully polarized electrons can be
written as [114]

!BCS = A["0(r1, r2)"0(r3, r4) · · · "0(rN!1, rN )] , (7.15)

which clarifies that it is a Pfa"an. Analogously, Pf
'

1
zi!zj

(
describes a p-wave pairing of

electrons (p-wave because the system is fully spin-polarized), and !Pf
1/2 is interpreted as the

p-wave paired state of composite fermions carrying two vortices.
The feasibility of the concept of CF pairing has been investigated in several quantitative

studies. Park et al. [509] show that the Moore-Read wave function has a substantially
lower energy than the CF Fermi-sea wave function in the second Landau level (with reverse
energy ordering in the lowest Landau level). Several studies compare the Moore-Read wave
function with the exact Coulomb ground state wave function at ! = 1/2 in the second
Landau level (Greiter, Wen and Wilczek [217, 219]; Morf [466]; Rezayi and Haldane [561];
Scarola, Jain and Rezayi [583]). The overlaps of the Moore-Read wave function with the
exact Coulomb ground state are given in Table 7.4.2 for several N . Morf [466] and Rezayi
and Haldane [561] have shown that the overlaps can be improved by tweaking the form of
the interaction for the exact state, and also by particle-hole symmetrizing the Moore-Read
wave function. While not conclusive, these comparisons generally support the interpretation
of the 5/2 state as a paired state of composite fermions. Unlike the BCS wave function for
superconductors, the Moore-Read wave function does not have any variational freedom, and
how one can be introduced is not known; such freedom should prove useful in improving the
wave function, as well as for determining if the pairing is in the strong or the weak coupling
limit.

Pairing is associated with attractive interactions. The original Hamiltonian only contains
the repulsive Coulomb interaction between electrons. How can pairing occur in spite of the
strong repulsion? In this context, it may help to recall that the objects that pair up are
not electrons but composite fermions, the interaction between which is di$erent from that
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for which only the modulus of the squared wave function is needed.

The usual Bardeen-Cooper-Schrie$er wave function for fully polarized electrons can be
written as [114]

!BCS = A["0(r1, r2)"0(r3, r4) · · · "0(rN!1, rN )] , (7.15)

which clarifies that it is a Pfa"an. Analogously, Pf
'

1
zi!zj

(
describes a p-wave pairing of

electrons (p-wave because the system is fully spin-polarized), and !Pf
1/2 is interpreted as the

p-wave paired state of composite fermions carrying two vortices.
The feasibility of the concept of CF pairing has been investigated in several quantitative

studies. Park et al. [509] show that the Moore-Read wave function has a substantially
lower energy than the CF Fermi-sea wave function in the second Landau level (with reverse
energy ordering in the lowest Landau level). Several studies compare the Moore-Read wave
function with the exact Coulomb ground state wave function at ! = 1/2 in the second
Landau level (Greiter, Wen and Wilczek [217, 219]; Morf [466]; Rezayi and Haldane [561];
Scarola, Jain and Rezayi [583]). The overlaps of the Moore-Read wave function with the
exact Coulomb ground state are given in Table 7.4.2 for several N . Morf [466] and Rezayi
and Haldane [561] have shown that the overlaps can be improved by tweaking the form of
the interaction for the exact state, and also by particle-hole symmetrizing the Moore-Read
wave function. While not conclusive, these comparisons generally support the interpretation
of the 5/2 state as a paired state of composite fermions. Unlike the BCS wave function for
superconductors, the Moore-Read wave function does not have any variational freedom, and
how one can be introduced is not known; such freedom should prove useful in improving the
wave function, as well as for determining if the pairing is in the strong or the weak coupling
limit.

Pairing is associated with attractive interactions. The original Hamiltonian only contains
the repulsive Coulomb interaction between electrons. How can pairing occur in spite of the
strong repulsion? In this context, it may help to recall that the objects that pair up are
not electrons but composite fermions, the interaction between which is di$erent from that
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Table 7.4. Overlaps of the 5/2 state (more precisely, 1/2 state of fully polarized electrons
in the second Landau level) with the Moore-Read wave function in the spherical geometry.

Source: V.W. Scarola, J.K. Jain, E.H. Rezayi [583].

N 8 10 14 16

overlap 0.87 0.84 0.69 0.78

between electrons. Whereas electrons repel one another strongly, the interaction between
composite fermions is weak, and there is no reason why it can sometimes not be weakly
attractive. Essentially, the Coulomb interaction is screened through a binding of vortices to
electrons, which creates a correlation hole around each electron. Since the number of bound
vortices cannot change continuously, such a binding can possibly overscreen the Coulomb
interaction for certain parameters. Further insight into the origin of pairing can be gained
by choosing the CF Fermi sea as the starting point at 5/2, and asking if it is unstable to
a pairing of composite fermions through a Cooper instability. There is numerical evidence
(Scarola, Park and Jain [581]) that the interaction between two composite fermions on top
of the CF Fermi sea is repulsive at 1/2 but attractive at 5/2. Such a picture is supported by
the experiment of Willett, West, and Pfei!er [698], wherein they detect CF Fermi surface
properties at 5/2 after eliminating the FQHE by raising the temperature.

It must be stressed that the 5/2 state has no o!-diagonal long-range order. The 5/2 state
is not a superconductor. Pairing of composite fermions simply produces a gapped FQHE
state for electrons. It is not known in what way, operationally, the 5/2 FQHE di!ers from
other FQHE, and how experiments can verify that composite fermions are paired in this
state.

7.5 FQHE and spin

For small Zeeman energies, the spin degree of freedom adds to the richness of FQHE. While
the spin physics does not produce, as far as we know, any new fractions, it creates many
new FQHE states at the old fractions. This physics is discussed in Chapter 11.

7.6 FQHE at low fillings

As the filling factor is reduced, composite fermions with increasingly greater number of
vortices are expected to form, eventually giving way to a crystal phase. Many fractions
from the 2CFs and 4CFs sequences, f = n/(2n ± 1) and f = n/(4n ± 1), have been seen
(Table 7.1). Pan et al. [503] have seen transport evidence , through weak minima in Rxx,
for several fractions belonging to 6CF and 8CF sequences: n/(6n + 1) (1/7, 2/13, 3/19);
n/(6n!1) (2/11, 3/17); n/(8n+1) (1/9, 2/17); and n/(8n!1) (2/15). These FQHE states
appear only above certain filling-factor dependent temperature; Pan et al. conclude that
the zero temperature phase in this filling factor range is a crystal, which melts into a CF
liquid upon raising temperature. Earlier magneto-optical studies of Buhmann et al. [42]
also reported evidence for FQHE down to 1/9 in luminescence spectrum, where they identify
the FQHE liquid through a weakening of the intensity of the luminescence line associated
with the pinned crystal.

comparison with the 
exact 5/2 state:

Scarola, Jain, Rezayi, 2002
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the insertion of a new quasiparticle inside the loop. The situation is somewhat complicated,
in practice, by the fact that the order-one contribution originating from the braiding statis-
tics sits atop a large Aharonov-Bohm phase (the AB phase is proportional to the area of
the loop, which must be large enough to avoid overlap between the two quasiparticles in
question). The conceptual question of disentangling the local charge, the braiding statis-
tics, and the edge exponent is also relevant for any experimental situation, especially for
the Laughlin fractions, for which, in a Wen type approach for the edge state, all three arise
out of a single parameter. In such situations, although interpretation in terms of one of
them may seem more natural, it is not unique. Kim et al. [345] suggest that it would help
to investigate other fractions of the Jain sequences for which the local charge, the braiding
statistics, and the edge exponents have di!erent values.

9.9 Non-Abelian braiding statistics

The excitations of paired states of composite fermions may show an even more complicated
behavior under braiding, which goes under the name non-Abelian braiding statistics. We
considered in 7.4.2 the Moore-Read Pfa"an wave function at ! = 1/2, #Pf

1/2 (Eq. 7.11).
Moore and Read [463] suggested that its quasiholes obey non-Abelian braiding statistics. An
Arovas-Schrie!er-Wilczek type adiabatic Berry phase calculation has not yet been possible,
but we describe the essential physics. The following considerations are valid for a three-body
short-range interaction (see Subsection 12.8.2 for further details) for which the Moore-Read
wave function and its quasihole excitations are exact (zero energy) ground states.

The wave function for a vortex excitation at " is given by
!

j

(zj ! ")#Pf
1/2 =

!

j

(zj ! ")Pf
"

1
zi ! zj

#
$2

1 , (9.51)

which has a local charge of e/2 associated with it (Section 9.3.2). However, as we saw in
Sec. 9.3.3, the vortex is not necessarily an elementary excitation; for the FQHE states at
! = n/(2pn ± 1) it is a collection of n quasiholes, due to one missing composite fermion
in each % level. For the Moore-Read wave function also, the vortex can be split into two
elementary excitations. This becomes clear by writing the following wave function for two
quasiholes at " and "! (Moore and Read [463])

#Pf
1/2(", "!) = Pf (Mij) $2

1 , (9.52)

where

Mij =
(zi ! ")(zj ! "!) + (i" j)

(zi ! zj)
. (9.53)

For "! = " it reduces to the charge e/2 vortex. Thus, pulling the vortex factor
$

j(zj ! ")
into the Pfa"an shows that it actually represents two coincident quasiholes, each of which
has a local charge e/4.

Moore and Read construct the wave function for 2n quasiholes at "1, · · · "2n by generalizing
Eq. (9.51) to n vortices, and then splitting them into 2n quasiholes by pulling the vortex
factors into the Pfa"an. The wave function is given by Eq. (9.52), but with

Mij =
$n

!=1(zi ! "!)(zj ! "!+n) + (i" j)
(zi ! zj)

. (9.54)

Note that quasiholes can be created only in pairs.
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Note that quasiholes can be created only in pairs.
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Note that quasiholes can be created only in pairs.
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Note that quasiholes can be created only in pairs.

2 quasiholes:

2n quasiholes:

 vortex:

The wave function for 2n quasiholes is not fully specified by their 
positions.  There are             linearly independent wave functions for 
a given set of positions.  
(Naively, one would have thought                      .)
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To appreciate the origin of non-Abelian braiding statistics, let us first recall the case of
several CF-quasiholes at ! = n/(2pn±1). The lowest energy state is obtained when they are
all in the topmost occupied ! level. Because the wave function is specified uniquely by the
positions of CF-quasiholes, when two CF-quasiholes adiabatically braid around one another,
the final wave function may di"er from the initial at most by a Berry phase factor. Two
consecutive operations thus commute (the phases add), and the LMW braiding statistics is
Abelian.

In contrast, the Moore-Read wave function for 2n quasiholes is not fully specified by their
positions. In Eq. (9.54) we associated "1, · · · , "n with zi and the remaining quasiholes with
zj , but we could equally well have chosen to associate di"erent sets of "’s with zi and zj to
obtain di"erent wave functions. This might suggest that the number of independent wave
functions for a specified set of quasihole positions is equal to (2n)!/[2(n!)2], which is the
number of ways 2n quasiholes could be arranged into two groups of n. But only 2n!1 of
these wave functions turn out to be linearly independent, as can be seen from an explicit
consideration of the (2n)!/[2(n!)2] polynomials (Moore and Read [463]; Nayak and Wilczek
[483]). The initial wave function will, therefore, in general, be a linear superposition of
2n!1 orthogonal basis functions. An adiabatic interchange of two quasiholes will produce
a new linear superposition which can be obtained from the initial one by application of
a 2n!1 ! 2n!1 matrix. Matrices associated with consequent exchanges do not commute
in general. Hence the name non-Abelian braiding statistics. The numerical Berry phase
calculations by Tserkovnyak and Simon [660] support these ideas.

While non-Abelian braiding statistics is well established for an unphysical model inter-
action for which the Moore-Read wave functions are exact, its relevance for the excitations
of the actual Coulomb 5/2 state is unclear. Ho has shown [258] that the Moore-Read wave
function is adiabatically connected to the Halperin (331) wave function (Section 13.2), the
excitations of which are known to obey Abelian braiding statistics. Exact diagonalization
studies on finite systems show that the three-body short-range interaction does not give
a faithful account of the Coulomb interaction for the excitations at ! = 5/2. The former
predicts a band of low energy states for systems containing several quasiholes, but no cor-
responding band can be identified in the exact Coulomb spectrum of a ten particle system
containing two or four quasiholes (for the ! = 1/2 state in the second LL) [653]. The Moore-
Read quasihole states of Eqs. 9.51 and 9.52 also have low overlaps with the exact states
[654]. Further work is needed to ascertain the range of interactions for which the actual
5/2 FQHE state supports excitations with non-Abelian braiding statistics, and whether this
range includes the Coulomb interaction.

9.10 Logical order

The logical order for the understanding of various concepts discussed in this Chapter is shown
in Fig. (9.8), which illustrates the cause-and-e"ect relation between them. The directions of
the arrows are consistent with the following facts: (a) Incompressibility at certain fractions
follows from the formation of composite fermions. Composite fermions, on the other hand,
cannot be derived from incompressibility. Composite fermions form compressible states
as well, and are thus more general than the FQHE. (b) Fractional quantum Hall e"ect,
fractional local charge, and fractional LMW braiding statistics are fundamentally tied to,
and a direct consequence of, incompressibility. The local charge or braiding statistics are
not sharply defined concepts for compressible states. (c) The fractional quantum Hall e"ect

9.10 Logical order 247

To appreciate the origin of non-Abelian braiding statistics, let us first recall the case of
several CF-quasiholes at ! = n/(2pn±1). The lowest energy state is obtained when they are
all in the topmost occupied ! level. Because the wave function is specified uniquely by the
positions of CF-quasiholes, when two CF-quasiholes adiabatically braid around one another,
the final wave function may di"er from the initial at most by a Berry phase factor. Two
consecutive operations thus commute (the phases add), and the LMW braiding statistics is
Abelian.

In contrast, the Moore-Read wave function for 2n quasiholes is not fully specified by their
positions. In Eq. (9.54) we associated "1, · · · , "n with zi and the remaining quasiholes with
zj , but we could equally well have chosen to associate di"erent sets of "’s with zi and zj to
obtain di"erent wave functions. This might suggest that the number of independent wave
functions for a specified set of quasihole positions is equal to (2n)!/[2(n!)2], which is the
number of ways 2n quasiholes could be arranged into two groups of n. But only 2n!1 of
these wave functions turn out to be linearly independent, as can be seen from an explicit
consideration of the (2n)!/[2(n!)2] polynomials (Moore and Read [463]; Nayak and Wilczek
[483]). The initial wave function will, therefore, in general, be a linear superposition of
2n!1 orthogonal basis functions. An adiabatic interchange of two quasiholes will produce
a new linear superposition which can be obtained from the initial one by application of
a 2n!1 ! 2n!1 matrix. Matrices associated with consequent exchanges do not commute
in general. Hence the name non-Abelian braiding statistics. The numerical Berry phase
calculations by Tserkovnyak and Simon [660] support these ideas.

While non-Abelian braiding statistics is well established for an unphysical model inter-
action for which the Moore-Read wave functions are exact, its relevance for the excitations
of the actual Coulomb 5/2 state is unclear. Ho has shown [258] that the Moore-Read wave
function is adiabatically connected to the Halperin (331) wave function (Section 13.2), the
excitations of which are known to obey Abelian braiding statistics. Exact diagonalization
studies on finite systems show that the three-body short-range interaction does not give
a faithful account of the Coulomb interaction for the excitations at ! = 5/2. The former
predicts a band of low energy states for systems containing several quasiholes, but no cor-
responding band can be identified in the exact Coulomb spectrum of a ten particle system
containing two or four quasiholes (for the ! = 1/2 state in the second LL) [653]. The Moore-
Read quasihole states of Eqs. 9.51 and 9.52 also have low overlaps with the exact states
[654]. Further work is needed to ascertain the range of interactions for which the actual
5/2 FQHE state supports excitations with non-Abelian braiding statistics, and whether this
range includes the Coulomb interaction.

9.10 Logical order

The logical order for the understanding of various concepts discussed in this Chapter is shown
in Fig. (9.8), which illustrates the cause-and-e"ect relation between them. The directions of
the arrows are consistent with the following facts: (a) Incompressibility at certain fractions
follows from the formation of composite fermions. Composite fermions, on the other hand,
cannot be derived from incompressibility. Composite fermions form compressible states
as well, and are thus more general than the FQHE. (b) Fractional quantum Hall e"ect,
fractional local charge, and fractional LMW braiding statistics are fundamentally tied to,
and a direct consequence of, incompressibility. The local charge or braiding statistics are
not sharply defined concepts for compressible states. (c) The fractional quantum Hall e"ect

(charge 1/2)

(charge 1/4 for each)



The origin of non-Abelian braiding statistics

• The initial 2n-quasihole wave function is a linear 
superposition of several linearly independent wave 
functions.

• After a braiding operation, the wave function ends 
up, in general, in a different linear superposition, 
which is related to the initial one by a Berry matrix.

• Consecutive braidings do not commute.  Hence, non-
Abelian braiding statistics.



• The Pfaffian wave function for the ground state and 
the quasiholes is exact for a model three-body 
interaction (V3) that penalizes states in which 
three particles occupy the smallest angular 
momentum state.  

• Non-Abelian statistics is on solid grounds for this 
interaction.

• Question:  How well does it represent the 
solutions of the Coulomb interaction? 



Testing the Pfaffian quasihole wave functions
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where m is the relative angular momentum of two parti-
cles, l = Q + n, and R =

!
Q lB is the radius. (Eq. ??

reduces to the expression in Fano et al. [? ] for n = 0.)
As Q depends on N , a distinct set of coe!cients has to
be calculated for each N . To fit Eq. (??) we use that the
pseudopotentials of a monomial rn in the lowest LL are
(J = 2l "m):

Vm(rn) =
2n+4!2

(2Q + n/2 + 1)!(2J + 1)!
# (7)

J!

k=0

(J !)2(J + k)!(2Q + n/2" k)!
k!(J " k)!

1
R

.

Figure ?? shows the excitation spectra for Nh = 12,
14, 16 and 20 obtained by CF diagonalization at the ze-
roth and the first orders. (Nh = 18 is not considered
as it aliases with " = 3/7 of holes.) The residual in-
teraction between composite fermions lifts the degener-
acy between various states to produce an incompressible
state already at the lowest (zeroth) order, which neglects
#-level mixing. Although the energy gaps change by up
to 50% in going from the the zeroth to the first order,
the incompressibility is preserved, indicating that while
#-level mixing renormalizes composite fermions, it does
not cause any phase transition. The overestimation of
gaps at the zeroth order may be attributed to the very
small dimensions of the CF basis. All CF basis states are
perturbations of the noninteracting CF Fermi sea, mak-
ing it explicit that a rearrangement of composite fermions
near the CF Fermi level is responsible for the 5

2 FQHE.
When plotted as a function of klB = L/

!
Q, the low-

est energy excitations for 14 $ Nh $ 20 (from the first
order spectra) fall on a more or less continuous curve,
which indicates that the thermodynamic behavior has
been approached for Nh % 14. Finite-size e"ects are non-
negligible for Nh < 14. For Nh > 20 the first order cal-
culation is not su!cient, and the second order CF diago-
nalization not feasible. Although there is some ambiguity
as to which excitation is to be identified with the trans-
port gap (corresponding to a far separated quasiparticle-
quasihole pair), the existence of an almost flat region
allows us to estimate a gap of & 0.02. This value is con-
sistent with the earlier results from exact diagonalization
[? ? ].

Fig. ?? shows a comparison of the CF spectra, at
first and second order CF diagonalization, with the exact
spectra for Nh = 6 and 8. The CF theory does not pro-
vide as accurate an account of the energies as it does for
the lowest LL FQHE states. However, it works reason-
ably well for energy di"erences. The CF spectrum pro-
duces, at the first order, the energy gap to better than
25% accuracy. These comparisons thus provide credence
to the semi-quantitative validity of our approach.

Of interest also is the nature of multi-quasihole states
a few flux quanta away from " = 5

2 . Fig. ?? shows
spectra, for the V3 interaction, for N = 10 electrons

at 2Q = 18 and 2Q = 19, which correspond to two
and four “quasiholes” of the Pfa!an state. (We have
switched back to electrons now, as these states occur at
positive B!.) This model predicts zero energy states at
L = 1, 3, 5 and L = 02, 10, 24, 31, 44, 52, 63, 71, 82, 90, 101,
respectively (the superscript denotes the degeneracy).
No corresponding quasi-degenerate band of states can
be identified in the exact spectrum (middle columns).
Fig. ?? also shows spectra from first-order CF diagonal-
ization. It produces a ground state at the correct quan-
tum number but is not very successful for higher energy
states. The CF spectrum can be improved systematically
by incorporating higher order #-level mixing.

The lack of a qualitative correspondence between the
low energy spectra of V3 and the Coulomb interactions in
Fig. ?? raises questions regarding the validity of the V3

model, and hence of the model of quasiholes based on the
Pfa!an wave function [? ? ], for the real quasiholes of the
5
2 state. This has relevance to the issue of statistics. Non-
Abelian statistics for the quasiholes of the V3 model is a
consequence of the existence of several degenerate states
for a given configuration of spatially localized quasiholes,
which, in turn, is closely related to the degeneracy of the
angular momentum eigenstates in Fig. ??. The spectra
in Fig. ?? demonstrate a lack of adiabatic continuity, for
the systems studied, between the many quasihole states
of the V3 and the Coulomb models. (For the many quasi-
particle or many quasihole states of the ordinary FQHE
states in the lowest Landau level, the qualitative struc-
ture of a low-energy band predicted by the analogy to
non-interacting fermions at Q! is confirmed in similar
exact spectra.)

We have demonstrated that the residual interaction
between composite fermions causes incompressibility at
" = 5

2 , and that the lowest order treatment of #-level
mixing gives a reasonable estimate of the activation en-
ergy. This model can be applied to neutral excitations at
" = 5

2 as well as charged excitations slightly away from
" = 5

2 . The residual interaction may possibly induce
pairing between composite fermions, but it is not known
how to establish that, in a conclusive manner, within our
approach.
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!
Q lB is the radius. (Eq. ??

reduces to the expression in Fano et al. [? ] for n = 0.)
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(2Q + n/2 + 1)!(2J + 1)!
# (7)

J!
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(J !)2(J + k)!(2Q + n/2" k)!
k!(J " k)!

1
R
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Figure ?? shows the excitation spectra for Nh = 12,
14, 16 and 20 obtained by CF diagonalization at the ze-
roth and the first orders. (Nh = 18 is not considered
as it aliases with " = 3/7 of holes.) The residual in-
teraction between composite fermions lifts the degener-
acy between various states to produce an incompressible
state already at the lowest (zeroth) order, which neglects
#-level mixing. Although the energy gaps change by up
to 50% in going from the the zeroth to the first order,
the incompressibility is preserved, indicating that while
#-level mixing renormalizes composite fermions, it does
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small dimensions of the CF basis. All CF basis states are
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near the CF Fermi level is responsible for the 5
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Fig. ?? shows a comparison of the CF spectra, at
first and second order CF diagonalization, with the exact
spectra for Nh = 6 and 8. The CF theory does not pro-
vide as accurate an account of the energies as it does for
the lowest LL FQHE states. However, it works reason-
ably well for energy di"erences. The CF spectrum pro-
duces, at the first order, the energy gap to better than
25% accuracy. These comparisons thus provide credence
to the semi-quantitative validity of our approach.

Of interest also is the nature of multi-quasihole states
a few flux quanta away from " = 5

2 . Fig. ?? shows
spectra, for the V3 interaction, for N = 10 electrons

at 2Q = 18 and 2Q = 19, which correspond to two
and four “quasiholes” of the Pfa!an state. (We have
switched back to electrons now, as these states occur at
positive B!.) This model predicts zero energy states at
L = 1, 3, 5 and L = 02, 10, 24, 31, 44, 52, 63, 71, 82, 90, 101,
respectively (the superscript denotes the degeneracy).
No corresponding quasi-degenerate band of states can
be identified in the exact spectrum (middle columns).
Fig. ?? also shows spectra from first-order CF diagonal-
ization. It produces a ground state at the correct quan-
tum number but is not very successful for higher energy
states. The CF spectrum can be improved systematically
by incorporating higher order #-level mixing.

The lack of a qualitative correspondence between the
low energy spectra of V3 and the Coulomb interactions in
Fig. ?? raises questions regarding the validity of the V3

model, and hence of the model of quasiholes based on the
Pfa!an wave function [? ? ], for the real quasiholes of the
5
2 state. This has relevance to the issue of statistics. Non-
Abelian statistics for the quasiholes of the V3 model is a
consequence of the existence of several degenerate states
for a given configuration of spatially localized quasiholes,
which, in turn, is closely related to the degeneracy of the
angular momentum eigenstates in Fig. ??. The spectra
in Fig. ?? demonstrate a lack of adiabatic continuity, for
the systems studied, between the many quasihole states
of the V3 and the Coulomb models. (For the many quasi-
particle or many quasihole states of the ordinary FQHE
states in the lowest Landau level, the qualitative struc-
ture of a low-energy band predicted by the analogy to
non-interacting fermions at Q! is confirmed in similar
exact spectra.)

We have demonstrated that the residual interaction
between composite fermions causes incompressibility at
" = 5

2 , and that the lowest order treatment of #-level
mixing gives a reasonable estimate of the activation en-
ergy. This model can be applied to neutral excitations at
" = 5

2 as well as charged excitations slightly away from
" = 5

2 . The residual interaction may possibly induce
pairing between composite fermions, but it is not known
how to establish that, in a conclusive manner, within our
approach.
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the model and the Coulomb interactions.  Lack of 
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Overlaps

Regnault, Toke, and Jain, 2006

2

refer to the subspace of zero-energy wave functions as the
“Pfa!an quasihole (PfQH) sector.” Spatial localization
of quasiholes, as described by the wave function "Pf

2!qh,
breaks rotational invariance, but the wave function still
lives entirely in the PfQH sector. (We will place a delta
function at one or both of the poles of the sphere, so Lz

remains a good quantum number.) The origin of non-
abelian statistics lies in the degeneracy of states in the
PfQH sector, which allows for the possibility that par-
ticle braidings can produce di#erent linear combinations
of PfQH states, hence nonabelian statistics.

L 0 1 2 3 4 5 6 7

N = 8 0.64 - 0.48 - 0.52 - - -

N = 10 - 0.05 - 0.56 - 0.61 - -

N = 12 0.59 - 0.30 - 0.49 - 0.39 -

N = 14 - 0.39 - 0.13 - 0.39 - 0.27

TABLE I: Overlaps between the PfQH basis for two quasi-
holes and the lowest energy states for Coulomb interaction in
the second Landau level at Q=2N-2. The overlaps are defined

as O =
˛̨
˛
D
!(3)

2!qh|"
C
2!qh

E˛̨
˛
2
. The wave function

˛̨
˛!(3)

2!qh

E
at or-

bital angular momentum L refers to the two quasihole eigen-
state of H(3) with quantum number Lz = L, and

˛̨
"C

2!qh

¸
is

the lowest energy state for the Coulomb interaction with the
same quantum numbers. We note that for two quasiholes, the
zero energy states of H(3) are singly degenerate.

For two quasiholes, no quasihole band analogous to
the PfQH band is seen in the exact Coulomb spectrum
(in the second Landau level). Tables I and II (XXXX
I was thinking of four quasihole results in Ta-
ble II; they are also relevant to the discussion of
nonabelian braiding statistics) show the overlaps be-
tween the PfQH basis and the lowest energy states for the
Coulomb interaction. The overlaps are quite low by the
FQHE standards. These results indicate that the Pfaf-
fian quasihole model is inadequate both qualitatively and
quantitatively. The Coulomb interaction does not simply
lift the degeneracy of the PfQH states but changes the
structure of the low energy sector in a fundamental man-
ner.

It is natural to attempt to localize a quasihole by plac-
ing a weak delta function potential of appropriate sign.
We have studied a range of strengths for the delta func-
tion potential, but we show results below for weak delta
functions of strength 0.005 explain units, so they do
not cause mixing with higher energy states. Let us first
consider the H(3) model. For a single delta function im-
purity, it localizes a vortex rather than a Pfa!an quasi-
hole, for the following reason. The energy of a given wave
function is equal to a properly weighted average of the
densities at the positions of the delta functions. For a
delta function at (U, V ), the lowest energy state (which
has zero energy) is the one in which both quasihole lo-
calize at (U, V ), producing a vortex "V with vanishing
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FIG. 1: Charge densities for the ground state of N = 14
electrons at 2Q = 26, where two quasiholes are expected, in
the presence of two delta function impurities at the two poles.
The solid and dotted lines show results for !(3)

2!qh and !C
2!qh,

the ground states of H(3) and the Coulomb interaction HC,
respectively. The density for the Pfa#an wave function !Pf

2!qh

(obtained by Monte Carlo) is also shown for comparison, with
the quasiholes placed on the two poles. The insets in each
panel show the integrated excess charge for each density. Two
split quasiholes will exhibit a step at charge 1/4.
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FIG. 2: Same as in Fig. 1, but for quasiparticles. There are
only two curves, because a Pfa#an wave function analogous
to !2!qh is not known.

density at (U, V ). We ask if it is possible to split the two
quasiholes with the help of two delta function impurities,
which we always place, for calculational convenience, at
the two poles of the sphere. The diagonalization is per-
formed in the full Lz subspace, although, for su!ciently
weak delta function strengths, the solution is essentially
restricted to the PfQH sector. The lowest energy eigen-
state of this model is denoted by "(3)

2!qh. Surprisingly, as
seen in Fig. 1, two delta impurities fail to split the two
quasiholes. The Pfa!an quasihole wave function "Pf

2!qh,
in contrast, has two reasonably well separated quasiholes
of charge 1/4 each; two localized charge 1/4 objects are
seen near each pole in the inset. For "C

2!qh, We also
show in Fig. 2 results for two quasiparticles, and also
find a lack of splitting. The expectation values of Lz and
L for the two quasihole / quasiparticle ground states are
shown in Table II.

two quasiholes

four quasiholes

The overlaps are quite poor by FQHE standards.

2

refer to the subspace of zero-energy wave functions as the
“Pfa!an quasihole (PfQH) sector.” Spatial localization
of quasiholes, as described by the wave function "Pf

2!qh,
breaks rotational invariance, but the wave function still
lives entirely in the PfQH sector. (We will place a delta
function at one or both of the poles of the sphere, so Lz

remains a good quantum number.) The origin of non-
abelian statistics lies in the degeneracy of states in the
PfQH sector, which allows for the possibility that par-
ticle braidings can produce di#erent linear combinations
of PfQH states, hence nonabelian statistics.

N L = 0 1 2 3 4 5 6 7

8 0.64 - 0.48 - 0.52 - - -

10 - 0.05 - 0.56 - 0.61 - -

12 0.59 - 0.30 - 0.49 - 0.39 -

14 - 0.39 - 0.13 - 0.39 - 0.27

TABLE I: Overlaps between the PfQH basis for two quasi-
holes and the lowest energy states for Coulomb interaction in
the second Landau level at Q=2N-2. The overlaps are defined

as O =
˛̨
˛
D
!(3)

2!qh|"
C
2!qh

E˛̨
˛
2
. The wave function

˛̨
˛!(3)

2!qh

E
at or-

bital angular momentum L refers to the two quasihole eigen-
state of H(3) with quantum number Lz = L, and

˛̨
"C

2!qh

¸
is

the lowest energy state for the Coulomb interaction with the
same quantum numbers. We note that for two quasiholes, the
zero energy states of H(3) are singly degenerate.

N L = 0 2 3 4 5 6 7 8 9 10 12

8 0.78 0.54 0.65 0.47 0.36 0.45 - 0.21 - - -

10 0.67 0.48 0.49 0.47 0.21 0.34 0.26 0.32 - 0.02 -

12 0.42 0.32 0.27 0.32 0.17 0.28 0.21 0.23 0.23 0.24 0.07

TABLE II: Overlaps between the PfQH basis for four quasi-
holes and the lowest energy states for Coulomb interaction in
the second Landau level at Q=2N-1. The overlaps are defined

as O =
PN

i,j

˛̨
˛
D
!(3)

4!qh,i|"
C
4!qh,j

E˛̨
˛
2
/N . We have take into

account the N degenerate states[6] for each L value,
i and j refer to the corresponding degeneracy index.

For two quasiholes, no quasihole band analogous to the
PfQH band is seen in the exact Coulomb spectrum (in the
second Landau level). Tables I and II show the overlaps
between the PfQH basis and the lowest energy states for
the Coulomb interaction. The overlaps are quite low by
the FQHE standards. These results indicate that the
Pfa!an quasihole model is inadequate both qualitatively
and quantitatively. The Coulomb interaction does not
simply lift the degeneracy of the PfQH states but changes
the structure of the low energy sector in a fundamental
manner.

It is natural to attempt to localize a quasihole by plac-
ing a weak delta function potential of appropriate sign.
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FIG. 1: Left panel : Charge densities for the ground state
for !pf

2!qh (a), !(3)
2!qh (b) and !c

2!qh (d) in the presence of
two delta function impurities at the two poles, and for !c

2!qh

(d) in the presence of one delta function impurity at the north
pole. The results are shown for N = 12 (dashed lines), N = 14
(dotted lines) and N = 16 (solid lines) electrons at 2Q =
2N ! 2. The density for the Pfa#an wave function !Pf

2!qh

(obtained by Monte Carlo) is also shown for comparison, with
the quasiholes placed on the two poles. Right panel : the
integrated excess charge for each density. Two split quasiholes
will exhibit a step at charge 1/4.

We have studied a range of strengths for the delta func-
tion potential, but we show results below for weak delta
functions of strength 0.005 explain units, so they do
not cause mixing with higher energy states. Let us first
consider the H(3) model. For a single delta function im-
purity, it localizes a vortex rather than a Pfa!an quasi-
hole, for the following reason. The energy of a given wave
function is equal to a properly weighted average of the
densities at the positions of the delta functions. For a
delta function at (U, V ), the lowest energy state (which
has zero energy) is the one in which both quasihole lo-
calize at (U, V ), producing a vortex "V with vanishing
density at (U, V ). We ask if it is possible to split the two
quasiholes with the help of two delta function impurities,
which we always place, for calculational convenience, at
the two poles of the sphere. The diagonalization is per-
formed in the full Lz subspace, although, for su!ciently
weak delta function strengths, the solution is essentially
restricted to the PfQH sector. The lowest energy eigen-

2

refer to the subspace of zero-energy wave functions as the
“Pfa!an quasihole (PfQH) sector.” Spatial localization
of quasiholes, as described by the wave function "Pf

2!qh,
breaks rotational invariance, but the wave function still
lives entirely in the PfQH sector. (We will place a delta
function at one or both of the poles of the sphere, so Lz

remains a good quantum number.) The origin of non-
abelian statistics lies in the degeneracy of states in the
PfQH sector, which allows for the possibility that par-
ticle braidings can produce di#erent linear combinations
of PfQH states, hence nonabelian statistics.

N L = 0 1 2 3 4 5 6 7

8 0.64 - 0.48 - 0.52 - - -

10 - 0.05 - 0.56 - 0.61 - -

12 0.59 - 0.30 - 0.49 - 0.39 -

14 - 0.39 - 0.13 - 0.39 - 0.27

TABLE I: Overlaps between the PfQH basis for two quasi-
holes and the lowest energy states for Coulomb interaction in
the second Landau level at Q=2N-2. The overlaps are defined

as O =
˛̨
˛
D
!(3)

2!qh|"
C
2!qh

E˛̨
˛
2
. The wave function

˛̨
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E
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bital angular momentum L refers to the two quasihole eigen-
state of H(3) with quantum number Lz = L, and

˛̨
"C

2!qh

¸
is

the lowest energy state for the Coulomb interaction with the
same quantum numbers. We note that for two quasiholes, the
zero energy states of H(3) are singly degenerate.

N L = 0 2 3 4 5 6 7 8 9 10 12

8 0.78 0.54 0.65 0.47 0.36 0.45 - 0.21 - - -

10 0.67 0.48 0.49 0.47 0.21 0.34 0.26 0.32 - 0.02 -

12 0.42 0.32 0.27 0.32 0.17 0.28 0.21 0.23 0.23 0.24 0.07

TABLE II: Overlaps between the PfQH basis for four quasi-
holes and the lowest energy states for Coulomb interaction in
the second Landau level at Q=2N-1. The overlaps are defined

as O =
PN

i,j

˛̨
˛
D
!(3)

4!qh,i|"
C
4!qh,j

E˛̨
˛
2
/N . We have take into

account the N degenerate states[6] for each L value,
i and j refer to the corresponding degeneracy index.

For two quasiholes, no quasihole band analogous to the
PfQH band is seen in the exact Coulomb spectrum (in the
second Landau level). Tables I and II show the overlaps
between the PfQH basis and the lowest energy states for
the Coulomb interaction. The overlaps are quite low by
the FQHE standards. These results indicate that the
Pfa!an quasihole model is inadequate both qualitatively
and quantitatively. The Coulomb interaction does not
simply lift the degeneracy of the PfQH states but changes
the structure of the low energy sector in a fundamental
manner.

It is natural to attempt to localize a quasihole by plac-
ing a weak delta function potential of appropriate sign.
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FIG. 1: Left panel : Charge densities for the ground state
for !pf

2!qh (a), !(3)
2!qh (b) and !c

2!qh (d) in the presence of
two delta function impurities at the two poles, and for !c

2!qh

(d) in the presence of one delta function impurity at the north
pole. The results are shown for N = 12 (dashed lines), N = 14
(dotted lines) and N = 16 (solid lines) electrons at 2Q =
2N ! 2. The density for the Pfa#an wave function !Pf

2!qh

(obtained by Monte Carlo) is also shown for comparison, with
the quasiholes placed on the two poles. Right panel : the
integrated excess charge for each density. Two split quasiholes
will exhibit a step at charge 1/4.

We have studied a range of strengths for the delta func-
tion potential, but we show results below for weak delta
functions of strength 0.005 explain units, so they do
not cause mixing with higher energy states. Let us first
consider the H(3) model. For a single delta function im-
purity, it localizes a vortex rather than a Pfa!an quasi-
hole, for the following reason. The energy of a given wave
function is equal to a properly weighted average of the
densities at the positions of the delta functions. For a
delta function at (U, V ), the lowest energy state (which
has zero energy) is the one in which both quasihole lo-
calize at (U, V ), producing a vortex "V with vanishing
density at (U, V ). We ask if it is possible to split the two
quasiholes with the help of two delta function impurities,
which we always place, for calculational convenience, at
the two poles of the sphere. The diagonalization is per-
formed in the full Lz subspace, although, for su!ciently
weak delta function strengths, the solution is essentially
restricted to the PfQH sector. The lowest energy eigen-



effect of disorder

• We ask the question how quasiholes and 
quasiparticles are localized by disorder.

• For this purpose, we study the two quasihole / 
quasiparticle state in the presence of one and two 
delta function impurities.

• For V3 interaction, a single delta function binds both 
quasiholes, producing a vortex, but might produce 
two charge 1/4 quasiholes for the Coulomb 
interaction.



two quasiholes in the presence of delta function impurities2

refer to the subspace of zero-energy wave functions as the
“Pfa!an quasihole (PfQH) sector.” Spatial localization
of quasiholes, as described by the wave function "Pf

2!qh,
breaks rotational invariance, but the wave function still
lives entirely in the PfQH sector. (We will place a delta
function at one or both of the poles of the sphere, so Lz

remains a good quantum number.) The origin of non-
abelian statistics lies in the degeneracy of states in the
PfQH sector, which allows for the possibility that par-
ticle braidings can produce di#erent linear combinations
of PfQH states, hence nonabelian statistics.

N L = 0 1 2 3 4 5 6 7

8 0.64 - 0.48 - 0.52 - - -

10 - 0.05 - 0.56 - 0.61 - -

12 0.59 - 0.30 - 0.49 - 0.39 -

14 - 0.39 - 0.13 - 0.39 - 0.27

TABLE I: Overlaps between the PfQH basis for two quasi-
holes and the lowest energy states for Coulomb interaction in
the second Landau level at Q=2N-2. The overlaps are defined

as O =
˛̨
˛
D
!(3)

2!qh|"
C
2!qh

E˛̨
˛
2
. The wave function

˛̨
˛!(3)

2!qh

E
at or-

bital angular momentum L refers to the two quasihole eigen-
state of H(3) with quantum number Lz = L, and

˛̨
"C

2!qh

¸
is

the lowest energy state for the Coulomb interaction with the
same quantum numbers. We note that for two quasiholes, the
zero energy states of H(3) are singly degenerate.

N L = 0 2 3 4 5 6 7 8 9 10 12

8 0.78 0.54 0.65 0.47 0.36 0.45 - 0.21 - - -

10 0.67 0.48 0.49 0.47 0.21 0.34 0.26 0.32 - 0.02 -

12 0.42 0.32 0.27 0.32 0.17 0.28 0.21 0.23 0.23 0.24 0.07

TABLE II: Overlaps between the PfQH basis for four quasi-
holes and the lowest energy states for Coulomb interaction in
the second Landau level at Q=2N-1. The overlaps are defined

as O =
PN

i,j

˛̨
˛
D
!(3)

4!qh,i|"
C
4!qh,j

E˛̨
˛
2
/N . We have take into

account the N degenerate states[6] for each L value,
i and j refer to the corresponding degeneracy index.

For two quasiholes, no quasihole band analogous to the
PfQH band is seen in the exact Coulomb spectrum (in the
second Landau level). Tables I and II show the overlaps
between the PfQH basis and the lowest energy states for
the Coulomb interaction. The overlaps are quite low by
the FQHE standards. These results indicate that the
Pfa!an quasihole model is inadequate both qualitatively
and quantitatively. The Coulomb interaction does not
simply lift the degeneracy of the PfQH states but changes
the structure of the low energy sector in a fundamental
manner.

It is natural to attempt to localize a quasihole by plac-
ing a weak delta function potential of appropriate sign.
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FIG. 1: Left panel : Charge densities for the ground state
for !pf

2!qh (a), !(3)
2!qh (b) and !c

2!qh (d) in the presence of
two delta function impurities at the two poles, and for !c

2!qh

(d) in the presence of one delta function impurity at the north
pole. The results are shown for N = 12 (dashed lines), N = 14
(dotted lines) and N = 16 (solid lines) electrons at 2Q =
2N ! 2. The density for the Pfa#an wave function !Pf

2!qh

(obtained by Monte Carlo) is also shown for comparison, with
the quasiholes placed on the two poles. Right panel : the
integrated excess charge for each density. Two split quasiholes
will exhibit a step at charge 1/4.

We have studied a range of strengths for the delta func-
tion potential, but we show results below for weak delta
functions of strength 0.005 explain units, so they do
not cause mixing with higher energy states. Let us first
consider the H(3) model. For a single delta function im-
purity, it localizes a vortex rather than a Pfa!an quasi-
hole, for the following reason. The energy of a given wave
function is equal to a properly weighted average of the
densities at the positions of the delta functions. For a
delta function at (U, V ), the lowest energy state (which
has zero energy) is the one in which both quasihole lo-
calize at (U, V ), producing a vortex "V with vanishing
density at (U, V ). We ask if it is possible to split the two
quasiholes with the help of two delta function impurities,
which we always place, for calculational convenience, at
the two poles of the sphere. The diagonalization is per-
formed in the full Lz subspace, although, for su!ciently
weak delta function strengths, the solution is essentially
restricted to the PfQH sector. The lowest energy eigen-

single delta 
function: 
Coulomb

two delta 
functions:

Pfaffian w.f.

two delta 
functions: V3

two delta 
functions: 
Coulomb
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two quasiparticles in the presence of delta function impurities

single delta 
function: 
Coulomb 

two delta 
functions: V3

two delta 
functions: 
Coulomb
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FIG. 2: Same as in Fig. 1, but for quasiparticles. There are
only three types of curves, because a Pfa!an wave function
analogous to "2!qh is not known.

state of this model is denoted by !(3)
2!qh. Surprisingly, as

seen in Fig. 1, two delta impurities fail to split the two
quasiholes. The Pfa"an quasihole wave function !Pf

2!qh,
in contrast, has two reasonably well separated quasiholes
of charge 1/4 each; two localized charge 1/4 objects are
seen near each pole in the inset. For !C

2!qh, We also
show in Fig. 2 results for two quasiparticles, and also
find a lack of splitting. The expectation values of Lz and
L for the two quasihole / quasiparticle ground states are
shown in Table III.

N 10 12 14 16

"(3)
2!qh (5.00,4) (6.00, 5) (7.00,7) -

"C
2!qh (1.00,0) (0.04,0) (1.03,0) (0.08, 0)

"(3)
2!qp (1.00,0) (2.00,0) (3.00,0) (4.05, 0)

"C
2!qp (1.00,0) (0.02,0) (1.01,0) (2.01,1)

TABLE III: The expectation values of L and |Lz|, shown

as (L, |Lz|), for the ground states "(3)
2!qh, "C

2!qh, "(3)
2!qp, and

"C
2!qp in the presence of two weak delta function impurities

at the two poles.

To gain insight into the issue, Table IV shows the pro-
jections of the Pfa"an quasihole wave function !Pf

2!qh
with two quasiholes at the two poles with di#erent zero-
energy angular momentum eigenstates of H(3). (All of
these have Lz = 0.) The wave function !Pf

2!qh is a lin-
ear superposition of states with several low angular mo-
menta. The actual ground state of H(3) in the presence
of two delta functions, !(3)

2!qh, has a high angular mo-

N L = 0 1 2 3 4 5 6 7

8 0.33 - 0.65 - 0.02 - - -

10 - 0.66 - 0.33 - 0.01 - -

TABLE IV: Projections of the quasihole wave function "Pf
2!qh

(with the two quasiholes located at the two poles), onto the
zero energy angular momentum eigenstates of the PfQH sec-
tor, defined as |!"Pf

2!qh|"(3)
2!qh,L"|

2. The angular momentum
is L, and its z component is Lz = 0.

mentum, for example L ! 5 for N = 10 (Table III).
The Pfa"an quasihole state !Pf

2!qh thus has insignificant
overlap with the exact ground state. (XXXX What is the
ground state L for N = 8? Can one calculate the projec-
tions for bigger systems XXXX I will check if I can do
this. Otherwise, I can also give the qh eigenvec-
tors to Csaba. Having the results for N=14 would
be great but the Hilbert space if large (381676)?)

We next turn to two Coulomb quasiholes or quasipar-
ticles. Here, at first sight one may expect that even a
single delta function can split them, because it can bind
one of them, which then should repel the other. As seen
in Figs. 1 and 2, two delta functions fail to split the
quasiholes or quasiparticles. (The same is true of one
delta function. XXXX We can include another figure
where we show the densities for various N for a single
delta function.) The situation is more restrictive for the
Coulomb interaction. Instead of many degenerate states,
we have a single ground state multiplet with a definite L.
All that weak delta functions can do is to cause a mixing
between the di#erent Lz components of the ground state
multiplet. For the case of two delta functions at the two
poles, Lz is a good quantum number, so the delta func-
tions only lead to a lifting of the degeneracy of the Lz

states. The lack of quasiparticle or quasihole splitting in
space may be attributed to the fact that the ground state
now has a more or less definite L. The absence of exact
degeneracy, as found for the H(3) model, thus inhibits
quasihole localization.

We stress that states with split quasiholes and quasi-
particles do exist, but are not the lowest energy states for
our disorder potential. Splitting them with more compli-
cated impurities is thus surely possible, but our results
show that it does not happen generically.

Add if space permits: Some discussion of ODLRO.
Add if space permits: CF diagonalization results.
A direct calculation of the braiding properties of the

Coulomb quasiholes or quasiparticles of the 5/2 state is
desirable, but beyond our present capabilities. As for
exact diagonalization studies, we do not know how to
split the quasiholes into charge-1/4 objects (for charge-
1/2 vortices, the braiding statistics is abelian); even if
we did, the systems are surely too small to provide a
well defined statistics. A computation for larger systems
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• The FQHE state is a candidate for the realization of abelian 
fractional statistics.  CF quasiparticles exhibit (theoretically) 
well-defined fractional braiding statistics in the low-density 
limit, which may have measurable consequences.

• A difficulty in measuring the fractional braiding statistics is that 
the statistical phase sits atop a large  Aharonov-Bohm phase.

• The validity of the Pfaffian (or V3) model and the notion of 
non-Abelian braiding statistics for  quasiholes and 
quasiparticles at 5/2 remain unconfirmed for the actual 
Coulomb state.

Conclusions


